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Abstract. We consider the singular boundary value problem 

—r(x)y'{x) + q(x)y(x) = f(x), i£R 
lim y(x) = 0, 

where / G L p (M), p G [1, oo] (Loo(R) := C(R)), r is a continuous positive function 
for x G R, q G L^° c (M.),q > 0. A solution of this problem is, by definition, any 
absolutely continuous function y satisfying the limit condition and almost everywhere 
the differential equation. This problem is called correctly solvable in a given space 
L p (R) if for any function / G L p (M) it has a unique solution y G L P (M) and if the 
following inequality holds with an absolute constant c p G (0, oo) : 

\\y\\L p (R) < c p \\f\\ Lp (R), f G L p (R). 

We find minimal requirements for r and q under which the above problem is correctly 
solvable in L p (R). 
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1. Introduction 

We consider the singular boundary value problem 

— r(x)y'(x) + q(x)y(x) = f(x), i6l (1.1) 
lim y(x) = 0. (1.2) 
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Here and throughout the sequel f E L P (R), p E [1, oo] (L^R) := C(R)) and 



(In (1.3) we use the symbol C loc (lR) to denote the set of functions defined and 
continuous on R.) Throughout the paper, we assume that the above conven- 
tions are satisfied. We also define a solution of (1.1)— (1.2) as any absolutely 
continuous function y(-) satisfying (1.2) and satisfying (1.1) almost everywhere 
on R. Our goal is to establish a criterion for correct solvability of (1. 1)— (1.2) 
in L p (R). We call problem (1. 1)— (1.2) correctly solvable in a given space L p (R) 
(see [6, Ch.III, §6, no.2]), if both the following conditions hold: 

I) For every function / G L p (R) there exists a unique solution y E L p (R) of 



II) The solution y G L p (R) of (1.1)— (1.2) satisfies inequality (1.5) with an 
absolute constant c p G (0, oo) : 



This problem is attractive for the following reasons. First, (1.1)— (1.2) is a 
simplest singular boundary value problem of general form since this prob- 
lem is one-dimensional, the order of the corresponding differential operation 
£ = —r(x)-^ + q(x) is minimal possible, and, finally, the coefficient at the 
highest derivative in the operation £ is, in general, variable. Hence our main 
argument for studying (1.1)— (1.2) is as follows: Since singular boundary value 
problems have been systematically studied for many years, it is not natural to 
ignore the simplest one. Our second argument is closely related to the first 
one: The main properties of (1.1)— (1.2) could serve as a useful illustration in 
exposition of the general theory of singular boundary value problems. (Note 
that equation (1.1) was already used for that purpose (see [7, Ch.III], where the 
systematic exposition of the theory of boundary value problems begins with an 
exhaustive description of regular boundary value problems for equations (1.1) 
with r(x) = 1). To explain the third more specific reason for studying (1.1)- 
(1.2), we need some additional details. This paper is a continuation of the 
papers [1], [2], [3]. The main result of this study started in [2], [3] was obtained 
in [1] and is stated in the following theorem. 

Theorem 1.1. Let r(x) = 1, x G R. For p G [l,oo) problem (1.1)— (1.2) is 
correctly solvable in L p (R) if and only if (1.6) holds: 



< r G C loc (R) 
< q G Li oc (i?). 



(1.3) 
(1.4) 



(1.1M1.2). 



y\\ P < c p \\f\\ p , V/ei#). 



(1.5) 




■x+a 



(1.6) 
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Moreover, problem (1.1)— (1.2) is correctly solvable in C(R) if and only if (1.7) 
holds: 

px+a 

lim / q(t)dt = oo, Va6(0,oo). (1.7) 

|z|->oo J x - a 

(Note that condition (1.7) can be easily rewritten in a slightly different 
equivalent form (see (6.2)). Let us briefly analyze (1.6) (the difference between 
criteria (1.6) and (1.7) can be explained only by the difference between the 
integral and the uniform metric in L P (M) and C(R), respectively). First note 
that condition (1.6) does not depend onp G [1, oo), and therefore problem (1.1)- 
(1.2) with r(x) = l,x G R is correctly solvable (or unsolvable) in L P (R) for all 
p G [l,oo). Let us now look for properties of q(-) guaranteeing that condition 
(1.6) holds (or does not hold). 

Clearly, under the following condition (1.8) (resp., (1.9)) 

inf q(x) > 



(1.8) 



lim q(x) = or lim q(x) = (1-9) 

X— > — oo x^oo 

inequality (1.6) holds (resp., does not hold). Moreover, in the cases where both 
(1.8) and (1.9) do not hold, condition (1.6) is in particular a requirement for the 
type of oscillation of q(-). (We say that a non- negative function q(-) oscillates on 
R if it vanishes on a non-bounded subset of R). For example, problem (1.1)- (1.2) 
with 

r{x) = 1, q(x) = 1 + sin(|:r| e ), x6 1Jg(0,oo) (1.10) 

is correctly solvable in L p (M) if and only if 9 > 1 (see [1], [3]). 

Here the difference in oscillation properties of q(-) becomes especially obvi- 
ous if one compares the graphs of q(-) for 6 > 1 and 9 < 1. Thus, if r(x) = 1, 
x G R, one restricts himself to the cases (1.8) and (1.9) and to the oscillatory 
function q(-), then the situation of (1.9) is the only one where (1.1)— (1.2) has no 
"a priori chance" to be correctly solvable in L P (M). Therefore our third argument 
for studying (1.1)— (1.2) with r(x) ^ const, x G R, is the following. We want 
to answer the following questions: For what equations (1.1) with r(x) ^ const, 
x G R, does the validity of (1.9) imply that (1.1)— (1.2) is not correctly solv- 
able in L P (R)? Does the class of correctly solvable problems (1.1)— (1.2) include 
equations (1.1) with the property 

lim r(x) = or lim r(x) = ? (1-H) 

(Concerning (1.9), see Theorem 2.10 in Section 2, Theorem 9.1 in Section 9 and 
Theorem 1.2 below. As to (1.11), see the example in Section 8 and Theorem 1.2 
below.) We now note the main feature of problem (1.1)— (1.2). Its solution y(-), 
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if it exists, can be explicitly expressed in terms of initial data, and it has the 
following form (see Lemma 4.1 in Section 4): 



Boundary value problems for differential equations of order n > 2 do not 
have such a property. Thus, in order to study correct solvability of (1. 1)— (1.2) 
in L p (R), one has to find minimal requirements to r(-) and q(-) under which 
the integral operator G : L P (R) — > L P (R) is bounded, and, in addition, all 
the functions from its image vanish on ±oo. We emphasize that conditions 
for an integral operator of the form (1.12) to be bounded in L P (R) may be 
easily found by means of Hardy-type inequalities (see [12] and Theorems 3.1 
and 3.2 in Section 3). Therefore our goal reduces to finding a criterion for 
the validity of (1.2) which would serve as a completion to these conditions. 
We specially note that such a restriction of goals of our investigation does 
not make the problem of studying (1.1)— (1.2) less important. This a priori 
statement is based on our papers [4], [5], where it is shown (in the example of 
linear differential equations of order 2) that the study of boundary properties of 
solutions of singular differential equations of order 2 is a problem separate from 
the problem of correct solvability of a differential equation in a given space, and 
thus it requires additional study. 

Let us now briefly describe our results (see Section 2). Correct solvability 
of (1.1)— (1.2) in L P (R) for p e (1, oo), p — 1 and p = oo, is studied separately 
since the known precise statements on estimating the norm of the operator 
G : Lp(R) — > L p (M.) (see (1.12)) can be divided into exactly three cases (see 
Section 3). Thus in Section 2 we give three groups of theorems, each of which 
contains a general (unconditional) criterion for correct solvability of (1.1)— (1.2). 
Theorems 2.1, 2.5 and 2.8 and a particular criterion of Theorems 2.4, 2.7 and 
2.9, which can be applied under a certain a priori assumption on r(-) and q(-) 
(see Section 2, (2.11)). Theorems 2.1, 2.5 and 2.8 contain conditions expressed 
in a non-local form, and it might be hard to check them in concrete cases. 
Statements of Theorems 2.4, 2.7 and 2.9 obtained with the help of general 
criteria contain only conditions expressed in a local form. It is much easier to 
check them in concrete cases (compare with the conditions of Theorems 2.1, 2.5 
and 2.8) since one can use standard tools of local analysis (see the example in 
Section 8). 

In addition, following a suggestion of S. Luckhaus, we complement The- 
orems 2.1-2.9 by Theorem 1.2 where the conditions for correct solvability of 
problem (1.1)— (1.2) in the space L P (R), p G [1, oo], are expressed only in terms 
of the coefficients r(-) and q(-) of equation (11). This theorem can be viewed 
as an explicit example of the relationship between r(-), q(-) and the parameter 
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p G [l,oo], fixing the choice of the space L P (R), which guarantees the correct 
solvability of the problem under investigation. 

Theorem 1.2. (§9) Suppose that the following conditions hold: 

1) The functions r(x) and q(x) are positive and continuous for iGl. 

2) There exists a > 1 and b > and an interval (a, (3) such that for all 
x (a, (3) 



1 < r(t) q(t) 
a r[x) q{x) 



for \t — x\ < b 



3) The following inequality is valid: 



def o 

7 = a exp 



( b \ 1 



r(x) 
q(x) 



(1.13) 



;i.i4) 



Then problem (1.1)— (1.2) is correctly solvable in L P (R), p G [1, oo], if and only 
if the conditions from the following table are satisfied: 



Space 


Lx(R) 


L p (M), 1 < p < 00 


C(R) 


Conditions for 
correct solvability 


r > 

qo > 


(Tp/ > 

g > 


g(a;) — > 00 
as |x| — > 00 



i/ere p' = for p G (1, 00) and 



1 j_ 

r = inf r(x), qo = inf q(x), a v > = inf r(x)r?(x)p' , (1.15) 

Remark 1.3. The simplicity of the conditions in the above table can be ex- 
plained by the fact that the function q(-) in Theorem 1.2 is assumed to be 
non-oscillating. 

It should be emphasized that in this work we use tools developed by the au- 
thors when they studied boundary properties of solutions of the Sturm-Liouville 
equation (see [4], [5]). These tools originated under the direct influence of ideas 
and techniques known as Otelbaev's localization methods (which is the termi- 
nology of M. O. Otelbaev). We refer to [11], [13] for a detailed exposition of 
these tools and effective applications to various problems of analysis and the 
theory of differential and difference operators. We also note that one can find 
more detailed and concrete comments to all the statements, including technical 
ones, in the course of the proofs. 
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2. Main Results 



In this section we give the main results of the paper concerning correct solv- 
ability of (1. 1)— (1.2) in L P (M), p G [l,oo], including some comments. Here and 
throughout the sequel, the symbols c, c(-), c±, C2, ■ ■ ■ denote absolute positive 
constants which are not essential for exposition and may differ even within a 
single chain of calculations. Let us introduce an auxiliary function d(-) which 
will be systematically used below. We temporarily assume that in addition to 
(1.3)-(1.4), we have also (2.1): 

"° q(t) 



Si 



def 



-dt 



oo. 



I -co r(t) 

Then for every x G M, we have a uniquely determined function d(-) where 

f x+d qit)_ 
L-d r(t) 



d(x) 



inf s d 

d>0 



-dt 



(2.1) 



(2.2) 



(see §§3-7 for various properties of d(-)). Note that the function d(-) is mainly 
applied as "counter" of the exponent in the inner integral of formula (1.12). 

Theorem 2.1. (§4) Let p G (l,oo), p' = p(p — l) -1 - problem (1.1)— (1.2) is 
correctly solvable in L P (HL) if and only if the following conditions hold together: 

def 



1) 



M„ 



M p (x) = f 



sup M p (x) < oo, where 

i 



7 cxp 



2) 
3) 



Si 



oo 



r(t)P' 
[see (2.1)) 



P 



9(0 
r(0 



d£ )dt 



A p i = swp A p i(x) < oo, where 

rx+d(x) 



Ap>(x) 



def 



dt 



x—d(x) 



r{ty 



Condition (2.3) is a criterion for the operator G : L p 
to be bounded, and the following inequalities hold: 



(2.3) 

(2.4) 

(2.5) 
(2.6) 

(2.7) 
(see (1.12)) 



M p <\\G\\ p ^ p <(p)H P yM p , pG(l,oo). 



(2.8) 
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Corollary 2.1.1. (§4) Let p e (l,oo), and suppose that (1.1)— (1.2) is correctly 
solvable in L p (R). Then its solution y(-) satisfies the inequality 

(-Yy <c(p)\\f\\ P V/GL#). (2.9) 
\r / p 

Remark 2.2. Theorem 2.1 is "not convenient" for application to concrete 
problems (1.1)— (1.2). Its main disadvantage is as follows: condition (2.3) is 
non-local, and therefore may be hard for checking. In contrast with (2.3), con- 
dition^^) is significantly easier to check since usually one can find two-sided 
estimates sharp by order for the function d(-) (see Theorem 2.11 below and 
Section 8). Moreover, under an additional - to (1.3)-(1.4) - assumption 

do = f sup d(x) < oo, (2-10) 

conditions (2.3) and (2.5) hold (see Theorem 2.4 below), and therefore checking 
1) - 3) reduces to checking 3) only, and can be made by local tools (see Sec- 
tion 8). Thus application of (2.10) simplifies Theorem 2.1. Checking (2.10), in 
turn, may be simplified because of the following lemma. 

Lemma 2.3. (§3) The conditions S\ = oo and d < oo (see (2.1) and (2.10)) 
hold together if and only if 

3 a G (0, oo) : B(a) = f inf 44 dt > 0. (2.11) 

In the next statement, conditions for correct solvability of (1.1)— (1.2) in 
L p (R) contain only local requirements. 

Theorem 2.4. (§4) Let p e (1, oo), and suppose that (2.11) holds. Then (1.1)- 
(1.2) is correctly solvable in L P (M.) if and only if A p i < oo (see (2.6)). It holds 

\\G\\ P ^ P < cd\A p ,7. 
Corollary 2.4.1. (§4) Let p e (l,oo), and suppose that 

3ce[l,oo): (T 1 < r(x) < c, x G R. (2.12) 
Then (1.1)— (1.2) is correctly solvable in L P (M.) if and only if (1.6) holds. 



In the Theorems 2.5 and 2.7 we give conditions for correct solvability of 
(1.1)-(1.2) in Li(M). 
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Theorem 2.5. (§5) problem (1.1)— (1.2) is correctly solvable in Li(R) if and 
only if the following conditions hold together: 

1) S 1 = oo (see (2.1)) (2.13) 

2) r = inf r(x) > (2.14) 



def 

3) Mi = 'sup Mi (x) < oo, where 



(2.15) 



Condition (2.15) is a criterion for the operator G : Li(R) — > £i(R) to be 
bounded, and we have 

||G||i_i = Mi. (2.16) 

Corollary 2.5.1. (§5) Suppose that (1.1)— (1.2) is correctly solvable in L\ 
Then its solution y(-) satisfies the following inequality (see (2.14)): 

1 



y 

r 



<-||/||i V/G^l). (2.17) 
l r 



Corollary 2.5.2. (§5) Under assumption (2.12), problem (1.1)— (1.2) is cor- 
rectly solvable in Li(R) if and only if (1.6) holds. 

Remark 2.6. Inequality (2.17) shows that on the set of solutions of (1.1)- 
(1.2), equation (1.1) has the property of separability in the space LhJM.) where 
6(x) = ^y, i£l. Note that the problem of separability of singular differential 
operators was first considered in [8], [9]. 

In the next theorem, conditions for correct solvability of (1.1)— (1.2) in Li(R) 
contain only local requirements. 

Theorem 2.7. (§5) Suppose that condition (2.11) holds. Then (1.1)— (1.2) is 
correctly solvable in Li(R) if and only if r > (see (2.14)). We have the 
inequality ||Gr||i_>i < cr^do (see (2.10)). 

Below, in Theorems 2.5 and 2.6, we give conditions for correct solvability 
of (1.1)-(1.2) in C(R). 

Theorem 2.8. (§6) problem (1.1)— (1.2) is correctly solvable in C(R) if and 
only if 

lim / -Lexp(-[ ^-dAdt = 0. (2.18) 
\x\^J x r(t) P V Jx r(0 V 

Moreover, if (1.1)— (1.2) is correctly solvable in C(R), then Si = oo (see (2.1)). 
Finally, it holds 
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Corollary 2.8.1. (§6) Under assumption (2.12), problem (1.1)— (1.2) is cor- 
rectly solvable in C(R) if and only if (1.7) holds. 

A local form of the condition for correct solvablility of (1.1)— (1.2) is given 
in the following theorem. 



Theorem 2.9. 

solvable in C(l 



§6) Under assumption (2.11), problem (1.1)— (1.2) is correctly 
if and only if A = 0, where A = lim A(x). Here 

\x\— >oo 



A(x) = 



x+d{x) dt 



x-d(x) r ( t ) ' 



x e R 



It holds 



\G 



f 

< csup / 

xeR Jx 



x+d(x) dt 



x-d(x) r (t) 



(2.20) 



(2.21) 



The next theorem answers the question from Section 1 in connection with 
condition (1.9). 

Theorem 2.10. (§7) Suppose that the conditions (2.11) and (1.9) hold. Then 
for every p G [l,oo], problem (1.1)— (1.2) cannot be correctly solvable in L p ( 



To conclude the section, we present one of the methods for obtaining two- 
sided estimates for the function d(-) (see §§3 and 8 for additional details). 

Theorem 2.11. (§3) Suppose that there exist a continuous positive function 
qi(-) on R and a function q 2 G L^R) such that q(x) = qi(x) +q2(x) forx G R 
and, in addition, H\{x) —> 0, Ki{x) — > as \x\ — > oo, where 



K\\X) = SUp 

i \ def 

x 2 (x) = sup 

|z|<2-^ 

I— q 1 (x) 



Then it hold the relations 
qi(x" 



q x {x + t) _ 2 qi{x) qi(x- t) 



r(x + t) 
x+z q 2 (t) 



r(x) r(x — t) 



r(t) 



dt 



r(x) 



d(x) — l + e(x), \e(x)\ < ci[ki{x) + h 2 (x)}, \x\ > 1 



r(x) 



(2.22) 
(2.23) 



(2.24) 
(2.25) 



Remark 2.12. We refer to §9 for some assertions related to Theorem 1.2 
(see §1) and the complete formulations of the Theorems 2.9 and 2.10. 
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3. Auxiliary Results and Technical Assertions 



In the first part of this section we present various assertions used in the proofs 
of Theorems 2.1-2.10. In the second part we prove some of them. 

3.1. Statement of auxiliary results. 

Theorem 3.1. [12, Ch.I, §6, no.6.5]. Let AC(R) i+) be the set of absolutely 
continuous functions F(-) on K. such that 



lim F(x) = 0, 



(3.1) 



and let w(-) andv(-) be measurable and positive functions on R. Then the Hardy 
inequality 

\\wtF\\ p <C\\vtF'\\ p (3.2) 
holds for all F G AC{R) (y+ ' > if and only if H^ < oo, where 



H {p) = supH ip \x) 



H (p \x) 



w(t)dt 



v(t) ~dt 



(3.3) 



x G 



andp G (1, oo), p' = Moreover, the following estimates hold for the smallest 
constant C in (3.2): 

H {p) < C < (p)v(p')7H {p) . (3.4) 

Theorem 3.2. [13, Ch.2, §7] Let p G (1, oo) and let /x(-), #(•) be continuous and 
positive functions on R. Denote by K the integral operator 



/oo 



(3.5) 



Then the operator K : L } 



Hp = sup H p (x) 



H p (x) 



is bounded if and only if H p < oo, where 



9{t) p 'dt 



li(t) p dt 

) 

There hold the inequalities 

H p < \\K\\ p ^ p <{p)l>{p')7H p . 



V 



(3.6) 



p-1 



(3.7) 
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Theorem 3.3. [10, Ch.V, §2, no. 4-5] Let K be the integral operator (3.5). Then 

\\K\\^ X = sup0(x) / fi(t)dt (3.8) 

x£R J-oo 



— oo 
oo 



\\K\\ C (R)^c(R) = supii(x) / 6>(t)dt. (3.9) 

xeK Jx 

Lemma 3.4. Let a function $(x, d) be defined for x 6 8, d G R and satisfy the 
following properties: 

1) $(x, d) continuous in d G R /or every /ized i6l 

2) $(x, 0) = 0, lim $(x, d) = oo, iGR 

3) $(x, d) does no£ decrease for d > /or every /ixed i6l 

Then for every x G R i/ie equation $(x, rf) = linrf>0 /ios ai /easi one solution. 
Let 

d(x) = inf {d : d) = 1}. (3.10) 

// m addition to 1) - 3), i/ie condition 

4) /i • d) - $(x + /i, d - /i)] > 
h-[$(x + h,d + h)-$(x,d)]>0 

/io/ds /or every given x G R and < d < d(x), £/ien £/ie following inequalities 
hold: 

\d(x + h)- d(x)\ < \h\ for < d(x) (3.12) 

l-£<5^-<l+£ for \t-x\ < ed(x), e G [0,1]. (3.13) 
d(x) 

Moreover, under the conditions 1) - 4), the function d(-) is continuous on R. 
Example 3.5. Let 6*1 = 00 (see (2.1)) Set 

1 f x+d q(£) 
*(x,d) = - / x £ R, d G R. 

1 Jx-d r \K) 

Then, clearly, the hypotheses 1) - 4) of Lemma 3.4 are satisfied, and in this 
case we have d(x) = d(x) for x G R (see (2.2)). In particular, d(x) is continuous 
for x G R and satisfies (3.12) - (3.13). 

Definition 3.6. Suppose that we are given: x G R, a positive continuous func- 
tion x{t), for t G R, a sequence {x n } neN >, N' = {±1,±2, ...}. Consider the 
segments A„ = [A~, A+], A^ = x n ±x(x n ). We say that a sequence of segments 
{An,}^ ({A>n}n=-oo) forms an R(x, x(-))- covering of [x, 00) (resp., (— 00, x]) if 
the following conditions hold: 
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1) A+ = A^ +1 for n > 1 (resp, A+_ x = A~ for n < -1) 

2) = x (resp., Al x = x), |J A n = [x, oo) (resp., |J A n = 

n>l n=<-l 

Lemma 3.7. Suppose that a positive continuous function x(-) on 
t/ie following relations: 

lim (t — x{t)) = oo (resp., lim (t + x(t)) = — oo). 



t— +oo 



t— >— oo 



Then for every x G R t/iere exists an R(x, x(-))- covering of [x, oo) 
i?(x, x(-))- covering of (— oo, x]). 

Lemma 3.8. Let 52 = oo (resp., Si = oo, see (2.1)), where 

Jo r W 

TTien /or every x G R t/iere exists an R(x,d(-))- covering of [x, oo) 
i?(x, d(-))- covering of (— oo, x]). 

3.2. Proofs of auxiliary assertions. 

Proof of Theorem 3.2. Necessity. 

Let p G (l,oo), and suppose that the operator K : L p 
bounded. Denote by [ti,t 2 ] the arbitrary finite interval and 

'e(ty-\ if ^ e [tx,t 2 ] 
o, if e ^ [*i,* 2 ]- 

From the continuity of #(•), it follows that / G L p (R) and 

ll/oll?= Pe(zy«-M= Pm p 'dC 

Ju Ju 



(-oo,x]). 
R satisfies 

(3.14) 
(resp., an 



(3.15) 
(resp., an 



L P (R) is 



/o(0 



(3.16) 



Moreover, 



\\Kf \\ p p 



u 



oo 
oo 



> 



> 



— oo 
rti 



/oo 

/ti r /'oo 
»(t) / e(o/ (0de 
-oo L ^ 

/tl / ;>oo 

MO™ / 0(O/o(O# 
-OO V^t! 



dt 

p 



dt 



dt 



(3.17) 
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Now according to (3.16) and (3.17) get: 

"ti \ p / rti 



liWdty (fy^Y'dd) < \\Kh\\ p 

< \\K\\ p ^ p \\f G \\ p 

= \\K\\ p ^ p (^j\{iYdi 



and hence 



\\K\\ P ^ P > (J 1 pt(tydty (/ 2 ^ ■ (3-18) 

Since ti, £2 are arbitrary, from (3.18) we obtain the lower estimate of (3.7). 

Proof of Theorem 3.2. Sufficiency. 

In (3.2) set w(x) = fi(x) p , v(x) = 9(x)- p . Then = H p < oo and (3.2) 
holds for every F G AC(R) i+) by Theorem 3.1. Denote 

POO 

F(x) = / 9(s)f(s)ds, V/ G L P (R), x G R. (3.19) 

J X 

Since H p < oo, then 6 G L p >(x,oo) for every x G R; by Holder's inequality 
the integral (3.19) converges for every x G R, F(x) is absolutely continuous, 
F G AC(i2)W ( S ee (3.1)) and, in addition, 

~wf' {x) = f{x)i feLp{R) - (3 - 20) 

Thus Theorem 3.1 together with (3.20) reduce to the inequalities 

\\Kfh = WvFWp 

<(p) l v(p')7H p \\±F' 

= {p)kp'VH p \\f\\ p . 



Remark 3.9. We have formulated the proof of Theorem 3.2 especially for this 
paper. 

Proof of Lemma 3.4. The first assertion of the lemma is obvious. Let us 
check (3.12) for h G [0, d(x)j (the case h G [— d{x), 0] can be treated in a similar 
way). From condition 4) it follows that 

$(x + h,h + d(x)) > d(x)) = 1 
$(x + h,d(x)-h)<$(x,d(x)) = l. 
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From (3.21) and the definition of d{x), we obtain, respectively, d(x + h) < 
d(x) + h, d(x + h) > d(x) — h, which is equivalent to (3.12). Let us check 
(3.13). Denote t — x = h. Then t — x + h, \h\ < ed(x) < d(x) since e G [0, 1]. 
Therefore (3.12) implies \d(t) — d(x)\ =< \h\ < ed(x), and hence 



d(t) 



< e if \t - x\ < ed(x), e G [0, 1]. 



d(x) 

The last inequality is equivalent to (3.13). I 

Proof of Lemma 3.7. Let us verify that an R(x, x(-))-covering exists for [x, oo) 
(The case (— oo,x] can be treated in a similar way.) From (3.14) it follows that 

lim(t- x(t)) = oo. (3.22) 

t— *oo 

Set ip(t) = t — x{t)—x. Then (p(x) = —h{x) < 0, and by (3.22) there is an a > x 
such that ip(a) > 0. Since x{t) is continuous, so is (p(t), and (p(x) < 0, ip(a) > 0. 
Hence there is an x\ e (x,a) such that (p(xi) = 0, i.e., x = x\ — x{x\). Set 
Af = Xi±x(x 1 ), and the segment Ai = [Aj", Af] is constructed. The segments 
A n , n > 2 with the property A+ = A^ +1 are constructed in a similar way. Let 
us verify that {J A n = [x, oo). If this is not the case, then there is a z G (x, oo) 

n>l 

such that A+ < z for all n > 1. Since the sequence {x n }^ =1 is increasing (by 
construction) and bounded (x n < A+ < z, n > 1), it has a limit rc < -2. 
Moreover, oo > z — x > 2 x(x n ) , and hence 

x(a; n ) — * for n — > oo. 

Then x(rr ) = 0, a contradiction. The lemma is proved. ■ 

Remark 3.10. Lemma 3.7 is proved by M. O. Otelbaev's method (see [13, 
Ch.l, §4], [11, Ch.HI, §1]). 

Proof of Lemma 3.8. According to Lemma 3.7, it is enough to verify that 
lim (x — d{x)) = oo, I lim (x + d(x)) = — oo I . (3.23) 



Equalities (3.23) are checked in the same way. Let us obtain, say, the first one. 
Assume that lim x _^(x — d(x)) = c < oo. Then there exists a sequence {x n }^ =1 
such that x n — > oo as n — > oo and x n — d{x n ) < c + 1 for n > 1. Together with 
(2.2) this implies 

rx n +d(x n ) „U\ px n +d(x n ) n\ 

2 = / ^7T* > / ^TT<tt as ^ — ^ OO, 

Jx n -d( Xn ) r(t) J c+1 r(t) 
a contradiction. ■ 
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Below we need the following lemma. 

Lemma 3.11. Let Si = oo (see (2.1)). The inequality rj > d(x) (resp., < 
i] < d(x)) holds if and only if 

Proof of Lemma 3.4. Necessity. 

Let 77 > d(x). Then [x — d(x),x + d(x)] C [x — 77, x + 77], and by (2.2) we 
have 

p*w*> r*> <*L t = 2 . 

Proof of Lemma 3.4. Sufficiency. 

Suppose that (3.24) holds. Assume the contrary: rj < d(x). Then 
[x — rj, x + rj\ C [x — d(x),x + d(x)], and by (2.2) we get 

Jx-r, Jx-d(x) r(t) 

a contradiction. Hence rj > d(x). ■ 

Proof of Lemma 2.3. Necessity. 

Let Si = 00, do < 00 (see (2.1), (2.10)). Set a = do- Then (2.2) implies 
B(a) (see (2.11)): 

B(do) = inf [ X+d ° ^-dt > inf f*^ ^\dt = 2. 

Proof of Lemma 2.3. Sufficiency. 

Let B(a) > for some a e (0, 00), and let k be the smallest natural number 
such that (2k + l)B(a) > 2. Let x be an arbitrary point from R, x n = x + 2na, 
n = ±1, ±2, . . . ± k. Then 

Jx-(2k+i)a r(t) J x _ a r(t) ^Jx n -a r(t) ^ k J Xn -a r(t) 
> (2k + l)B(a) > 2. 

Lemma 3.11 and the above inequality imply d(x) < (2k + l)a, i.e., d = 
sup xeR d(x) < 00. We conclude that Si = 00. ■ 
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Proof of Theorem 2.11. Let <£>(x, d) be the function from Example 3.5. Then 
for x E K and rj > 0, we get 



2®(x,r]) = 2^^7] - 



r(x) 



x+rj 



g 2 (t) 

-r, r(t) 



dt 



+ 



lY qi(x + t) 2 qi(x) qi(x-t) 



o 



Set 



r(x + t) 
rii(x) = (l + xx(x) + x 2 (z)) 



r(x) r(x — t) 
r(x) 



(3.25) 



5i 0*0' 



Then Xi(x) + x 2 (x) < 1 for \x\ 3> 1, and, together with (3.24), the equation 
(3.25) implies 



2$(x, 771 (x)) > 2(1 + + x 2 (x)) 



£+771(01) 



1-771(1) 



g 2 (t) 

r(t) 



pi(x) 

Jo 



r(x + £) 
> 2(l + xi(x) + x 2 (x)) 



+ 2 qi(x) gi(x-t) 



r(x) r(x — i) 

x+z <&(*) 



dt 



sup 



|x|<2 



r(x) 



f 

Jo 



sup 

1 I— qi (x) 



-» r(t) 



dt 



qi(x + t) n qi(x) qi(x-t) 



+ 



r(x + t) r(x) r(x — t) 



dt 



= 2 + xi(x) + x 2 {x) > 2. 

Together with Lemma 3.11, this implies d(x) < r)i(x) for \x\ ^> 1. Similarly, 
we set 772 = (l - xi(z) - x 2 (z))^y. Then 7/2(0;) > for |x| > 1, and (3.25) 
implies 2$(x, ?] 2 (x)) < 2 Together with Lemma 3.11, this implies d(x) > ?7 2 (x) 
for |x| ^> 1. We thus get (2.24). Estimates (2.25) are easily derived from (2.24) 
taking into account that the functions r(-), qi(-) and d(-) are continuous and 
positive on R. I 



4. Proof of the main results in the case p 6 (1, 00) 

In this section we prove Theorems 2.1 and 2.4 and their corollaries. We need 
the following assertion. 

Lemma 4.1. Let f E L p (K), p E [l,oo]. If the problem (1.1) - (1.2) is solvable 
(not necessarily correctly solvable), then its solution y(-) is unique and can be 
represented by formula (1.12) on R. 
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Proof. Let y(-) be a solution of (1.1) - (1.2). Then 



(4-1) 



Fix i£K and multiply (4.1) by — exp ( — / a 



r? g(s) 

r(s) 



ds 



. We get 



" ( « exp (" £ $M] = ~W> exp (" f f ds ) m (4 ' 2) 



Let a G (0, oo). We integrate (4.2) along the segment [x,x + a] and get 



y(x + a) exp ( — 



x+a q(s) 



r(s) 



ds - y(x) 



(4.3) 



In (4.3) we take the limit as a — > oo. From (1.2) it follows that the limit in the 
left-hand side of (4.3) exists. This proves (1.12). ■ 

Proof of Theorem 2.1. Necessity. 

Suppose that (1.1) - (1.2) is correctly solvable in L p (R). By Lemma 4.1, 
its solution y(-) can be written in the form y(x) = (Gf)(x),x G R (see (1.12)). 
Then 



y(x) = exp 



ds 



exp 



o r ( s Y 



lo r ($) J Jx r(t) 

POO 

= fji(x) 9(t)f(t)dt 

J x 

= (Kf)(x) 

for all / G L P (R) (see (1.12) and (3.5)). In (4.4) we have 



ds f(t)dt 



(4.4) 



H(x) = exp / — -di 



9{x) 



r(x) 



exp 



g(s) 
o t-(s) 



ds 



(4.5) 



Since (1.1) - (1-2) is correctly solvable, the operator G = K : L P (M) — > 
L p (R) in the case (4.5) is bounded, and therefore H p < oo because of Theo- 
rem 3.2. According to (4.5), we have the following convenient representation 
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for H p (x) (see (3.6)) 
H p (x) = 



oo 
oo 



xp ( l> 
1 



o r(s)' 



ds I dt 



r(t)P 



7 exp -p 



q{s) 



o r(s) 



cis I dt 



exp - 



exp 



r(s) 
g(s N 



<is 



exp p 



q(s) 



o 



exp 



r(s) 
p 



<is 



r(t)P' 



7 exp 



g(g) 
o r (s)' 



(4.6) 



cis I (it 



oo 
oo 



g(g) 

r(s) 



r(t)P 



7 exp 



g(s) 



From (4.6) it follows that H p (x) = M p (x) (see (2.4)); therefore M p = H p < oo. 
We thus obtained (2.3). Let us check (2.5). Assume the contrary: Si < oo (see 
(2.1)). Then (2.3) implies 



OO > M n 



sup 



exp — p 



g(g) 
r(s) 



(is I (it 



r(i> 



7 exp p 



g(g) | 
r(s) 



(is I cit 



> exp(— Si) sup 



/ ldx * f 

J —oo _ Jx 



r(t)P' 



7 exp 



-p 



r(s) 



cis cit 



oo, 



a contradiction. Hence Si = oo. Let us now verify that (2.6) holds. We prove 
(2.6) in two separate cases: T p i = oo and T p i < oo, where 



T p i 



dt 



o r(ty 



(4.7) 



Let T p i = oo. Then we get analogously S2 = 00 (see (3.15)). Let us now turn 
to (2.6) and prove it ad absurdum. Let A p i = 00 (see (2.6)). Let us show that 
there exists F(t) G L p (R) such that (GF)(t) as \t\ -> 00, i.e., (1.2) does 
not hold for all f(t) G L P (M). This contradicts the correct solvability of (1.1) - 
(1.2) in L P (R). Consider the function A p >(x), x G M (see (2.7)). This function 
is continuous for x G K. (see Lemma 3.4 and Example 3.5). Let j3 be a positive 
number which will be chosen later, and let cy = inf A p >{x). Since A p /(x) is 
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continuous for i e I, we have < ay < oo, and for every integer k > ay + 1 
there is a point x k such that 

k 13 < A p ,(x k ) <{k + I) 13 , k>a p > + 1. (4.8) 

Since is continuous, \xk\ — > oo as fc — > oo. Since Si = 52 = oo (see 

(2.1), (3.15)), from (3.23) it follows that one can choose a subsequence {^fc n }^Li 
such that \xk n \ — > oo as n — > oo, and the segments 

A fcn = [A fcn , A+ ] = [x fcn - d(x kn ),x kn + d(x kn )}, n = 1, 2, . . . , 

are disjoint. Thus for a given (3 > there is a sequence {^fc„}^=i such that 

< / < (*» + if for 1 + ay < fc n < fc n+1 

n*r (4.9) 

A fcn n A km = for n ^ m. 

Let a be another positive number (also to be chosen later) and 



i i 



J,,,!;-^^^ 1 ' tEAk \ n=l,2,... (4.10) 
.0, t i A kn 

n=l 

Let us verify that F G L P (R) for a > ±±2. Indeed, by (4.9) - (4.10) we have 



El f dt 

(1 + k 



oo 

< 



t (i + k)°* JA kn r(ty 
i + k n y 



(4.12) 



^(1 



oo 



1 

Let us estimate (GF)(t) from below for £ = A fcn = x fcn — d(x kn ). By (1.12), 



< — - — r < x . 

n=l 
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(4.11), (2.2), (4.10) and (4.9), we get 

(GF)(A-J > I ^(t)exp f- f q M ds ) dt 

f kn (t) dt 




( 4 -!3) 

> exp(-2) - " - 
" Pl ; (l + fc n ) a 

^c-^ + iy 3 -" 

For /? > a we obtain from (4.13) that (GF)(t) y4 as |i| -> oo. Thus we shall 
reach the goal as soon as (4.12) and (4.13) will hold together. This will be true 
since there are a,(3£ (0, oo) such that (3 > a > But it is not hard to 
satisfy these inequalities: one can take, say, a — /3, (3 > a contradiction. 
Hence A p > < oo. Let now T p > < oo (see (4.7)). First, let us show that (regardless 
of the value of T p >) there exists c G M such that the inequality 

x-d{x)>c (4.14) 



oo 
n=l 



holds for all a; > 0. Assume the contrary. Then there is a sequence {x n } 
such that x n — d(x n ) < —n, x n > 0, n — 1, 2, . . . . Together with (2.2) and 
(2.5), this implies 



2 = / ^4dt > / ^4dt -> oo as n -> oo, 

Jx n -d(x n ) nt) J-nnt) 

a contradiction. Then, since T p / < oo, we obtain that the function A p >(x) is 
absolutely bounded for x > 0. Indeed, from (4.14) we get for x > 



rx+d(x) ^ 

M*) = -TTw < 

Jx-d(x) r \ t ) 



dt 

r I 

CO 



+ / ZTIw =c + T p , <oo. (4.15) 



r(t)P' 

Taking into account (4.15), let us assume now that 

px+d{x) ^ 

A p , = sup / ——7 = oo. (4.16) 

x<o J x -d{x) f\ty 

We then can repeat all the arguments from the preceding case (T p i = oo). 
The only difference is that the initial sequence {x k }<j° =1 (see (4.8)) is known to 
satisfy the property x k — > — oo as k — > oo. Taking into account this remark, we 
reduce this case (T p i < oo) to the preceding one (T p i = oo). We thus proved the 
necessity of all the conditions of the theorem. 
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Proof of Theorem 2.1. Sufficiency. 

Consider the function y(x) = (Gf)(x), f(x) G L p (R) (see (1.12)). Since 
M p < oo, we have M p (x) < oo for every x G R (see (2.3) - (2.4)), and therefore 



r(t) 



7 exp -p 



q{s) 



r s 



cis ) (it < oo for every x G 



(4.17) 



Since / G £ p (R), from (4.17) and Holder's inequality , it follows that the integral 
(Gf)(x) converges for x G R. We now differentiate (1.12) and conclude that 
y(x) = (Gf)(x) satisfies (1.1) almost everywhere on R. From (4.6), the equality 
M p (x) = H p (x), and Theorem 3.2 we get (1.5). It remains to prove that 

equalities (1.2) hold for y = (Gf)(x), x G R regardless of / G L P (R). From 
(1.12) and Holder's inequality we get 



0<\(Gf)(x) 
< 



V(t)| p exp (- 



g(s) 

r(s) 



ds I (it 



(4.18) 



q{s) 
x r(s)' 



ds I dt 



x G 



Below we need the following lemma. 

Lemma 4.2. Suppose that conditions (2.5) - (2.6) hold. Then J u < oo for any 

v > 0, where 



J u = 7 sup J u (x) 



J, Ax) 



x&R 

oo -y 



X 



r(t)P 



- exp —v 



r(s)' 



(4.19) 



(is I (it, x G 



Proof. Consider two cases: T p / = oo and T p / < oo (see (4.7)). If T p > = oo, 
then S 2 = oo (see above), and by Lemma 3.8 there is an R(x, d(-))-covering 
of [x, oo). Let A n , n > 1 be the segments of the i?(x, d(-))-covering of [x, oo). 
Then, if t G A n , n > 1, we have 



r(s) 



ds > 2(n- 1). 



(4.20) 



Indeed, for n = 1 estimate (4.20) is obvious, and for n > 2 we have 

n— 1 » / \ »/ / \ n— 1 



(is 



feA fe r(s) 7 A „-r(s) ^ 



22 N. A. Chernyavskaya and L. A. Shuster 



By the properties of a R(x, d(-))-covering of [x, oo) and by (4.21) and (2.6), we 
get 



oo . ^ 



r(s) 
dt 



ds I dt 



<gexp(-2(„- 1M / Anr(() , 

OO 

< A p , ^2 exp(-2(n - l)v) 



n=l 



which implies J v < c u A, p i < oo. Let now T p > < oo. Since 5*1 = 00 (see (2.5)), 
by Lemma 3.8 there is an R(0, d(-))-covering of (—00, 0]. Let {An}"!,^ be the 
segments forming this covering. When estimating J u (x), first consider the case 
x < 0. Then x G A„ , n < —1 and (2.2) imply 




(4.22) 



< exp(2v)A p r exp(— 2z/|no — k\) 

k=no 
00 

< exp(2z/)A p / exp(— 2vm) 

m=0 



= c(v)A p ,. 
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Using (4.22), we now get for x < 

f°° l ( t q(s) \ 



, exp I- 27 1 W) ds ) dt+ i exp L W) ds 1 rft 

00 dt 



< c(z/)A p , + / 
Jo 

= c(v)Ap> + T p 



r{ty 



For x > 0, J„(x) < T p / is obvious. Thus, J v < c{v)A v > + T v > < 00. I 

Now it is easy to see that y(x) = (Gf)(x) — > as rr — > 00. Indeed from 
(4.18) and Lemma 4.2 it follows that 



< \(Gf)(x)\ < jf 



\f(t)\ p dt 



1 

V 

^ as rr — > 00. 



To check (1.2) for x — > —00, we use the following two lemmas. 

Lemma 4.3. Let S\ — 00 (see (2.1) ^. Then for every r\ e (0, 00) there is an 
xo(v) < su °h that for every x < xo(rj) the equation in d > 

^ / ^ rfs = ^ (4.23) 

Jx r \ S ) 

has at least one solution d(x,r)), and x + d(x,r)) < 0. 

Proof. Clearly, for d G [0, 00) the function $(d) is continuous, non-negative, 
and $(0) = 0. Since S 1 = 00, there is an x (rj) such that 

^rlds > 27]. (4.24) 
xoiv) r ( s ) 

Set fj,(x) = —x for every x < Xo(r)). Then 

/ -^rr^s > / -^ds > 2?7 > 77. 

A r(s) Jxo(n) r \ s ) 

Thus $(0) = 0, $(/x(x)) > i] and therefore, since $(d) is continuous, in the 
segment [0, //(x)] there is at least one root d = d(x,r)) of equation (4.23), and 
since d(x, rj) < n(x), we have x + d(x, rj) < 0. ■ 
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Let d(x,r)), x < xo(r)) be the smallest root of equation (4.23): 

d(x,r]) = inf id: [ 44 rfs = V, x<x (r))\. (4.25) 

d >° I Jx r (s) ' J 

Lemma 4.4. Let Si — oo (see (2.1)). Then 

lim (x + d(x,r])) = -oo, 77 G (0, oo). (4.26) 

Proof. Assume that for some rj G (0, 00) we have 

lim (x + d(x,rj)) = c, cel. (4.27) 

From Lemma 4.3 and (4.25), it follows that c < 0. From (4.27), it follows that 
there is a sequence {x n }^ =1 such that x n — > —00 as n — > 00 and a; n + rf(x n , 77) > 
c — 1 for all n > 1. Hence 

rx n +d(x n ,r)) I \ rc-1 



as — > 00 tor n — > 00, 



r (s) 



rx n +a\x n ,f)) r 

V Jx n r(s) S ~ J x 

a contradiction. Thus lim (x + d(x,r)) = —00 and therefore 

X — > — 00 

—00 < lim (x + d(x, i])) < lim (x + d(x, 77)) = —00. 

The last relations immediately imply (4.26). I 

Fix now 77 G (0, 00). Let Xq(t]) be the number defined in Lemma 4.3 and 
x < x (rj). From (4.18), Lemma 4.2 and (4.25), it follows that 



< \(Gf)(x)\v < jf ■ ^ |/(0l p exp (~£^y^) * 

rx+d(x,r)) / px+d(x,n) I \ \ 

■ r i/wi'exp f- r 44*) * 

Jx+d(x,r)) V Jx+d(x,ri) r \ S ) J 

px+d{x,r)) 

<c / |/(f)|*dt + cexp(-7 7 )||/||^. 



(4.28) 



Since / G L P (R), from (4.26) it follows that 

rx+d(x,rj) px+d{x,rj) 



rx+a(x,ri) nx+a(x,T]) 

0< / \f(t)\ p dt< / \f(t)\ p dt^0 asx^-oo, 

«/ X J —CO 
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i.e., the first summand in (4.28) tends to zero as x — > — oo. Hence 

0< mi\(Gf)(x)\i><ceM-v)\\f\\ P P - (4.29) 

In (4.29) the number rj e (0, oo) is arbitrary. Hence in (4.29) we can take the 
limit as rj — > oo. We get 

lEi |(G/)(a;)| = ^ < lim |(G/)(a;)| < En" |(G/)(a;)| = 0. 

The last relations finish the proof of Theorem 2.1. I 

Proof of Corollary 2.1.1. Since problem (1.1)— (1.2) is correctly solvable in 
Lp(M), by Theorem 2.1 we have 5*1 = 00 and A p > < oo (see (2.5)-(2.6)). Ac- 
cording to (1.12), we have to prove that the integral operator (3.5) with 



6{t) = 



r(t) 



cxp 



exp 



q[s) 
r(s) 



ds 



r(t) 



r(s) 



ds 



(4.30) 



is bounded in L p (R). Below, when estimating H p (x) (see (3.6)), we use Lemma 4.2 
and get 



H p (x) 



q(t) 



-oo r(t) 

OO 1 



exp l p 



g(g) 
o r (s)' 



ds I (it 



/. 



r(t)P' 
r(t) 



7 exp -p 



q(s) 



r(s) 



ds I dt 



exp — p 



oo 

OO -y 



q{s) 
r(s)' 



ds I dt 



X 



r(t) 



7 exp -p 



q(s) 



r(s} 



ds I dt 



- j p' 



P 



exp — p 



Q{s) 
r(s) 



ds 



= —(j P >y, 
pp 

hence H p < oo. It remains to apply Theorem 3.2. I 

Proof of Theorem 2.4. Necessity. 

The necessity of the condition A p > < oo (see (2.6)) for correct solvability of 
problem (1.1)— (1.2) in L p (M) follows from Theorem 2.1. 
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Proof of Theorem 2.4. Sufficiency. 

Suppose that (2.11) holds. Then Si = oo, d < oo, in view of Lemma 2.3. 
Since B(a) > 0, we have S2 = 00 (see (3.15)). Hence by Lemma 3.8, we 
conclude that for every igR there exist R(x, <i(-))-coverings for (— 00, x] and 
[x, 00). Below we need the following lemma. 

Lemma 4.5. Let Si = 00 and d < 00 (see (2.1) and (2.10)). Then l v < 00 
for every v > 0, where 

I u = f supl u (x) 

(4.31) 



Proof. Let {A n }„^_ 00 be the set of segments forming an R(x, d(-))-covering of 
(—oo,x\. So, if t G A n , ra < —1, then 

/ ^rlds > 2(\n\ - 1), n < -1. (4.32) 
it Hs) 

Indeed, for n = — 1 estimate (4.32) is obvious, and for n < — 2 we have 

r 44^ = / ai 44 * + yj / 44^ > f 2 = 2(h - 1). 

/, r(s) / f r(s) ^ J a, r(s) ~ ^ 

Jt W W ^n+l^ 1 V ' k=n+l 

The next chain of calculations 

Ux) = V / exp f-z/ f 44 rfs l * 

-1 

<2 d(x n ) exp(-2(|n| - l)v) 

n=—oo 
oo 

< 2d ^exp(-2(n- l)v) 



n=l 



= c(u)do < 00. 

based on (4.32) and the properties of the R(x, <i(-))-covering of (—00, x] finishes 
the proof. ■ 

Now, using (2.4), (4.19), (4.31) and Lemmas 4.2 and 4.5, it is easy to see 

that 

M p (x) = (I p (x))p(J p/ (x))y < (I p )r(J p/ )V < 00. 

Hence M p < 00 and therefore ||Gr||p_>p < 00 (see (2.8)). Consequently, all 
conditions of Theorem 2.1 are satisfied. This means that problem (1.1)— (1.2) is 
correctly solvable in L p (R). ■ 
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Proof of Corollary 2.4.1. Necessity. 

Suppose that (2.12) holds and problem (1.1)— (1.2) is correctly solvable in 
L P (R). Then A p , < oo (see (2.6)), in view of Theorem 2.1. Together with (2.12) 
this implies d < oo (see (2.10)): 

rx+d{x) ^ 2 

oo > A v , = sup / —-— > —7 sup d(x) = cd . 

xeR Jx-d(x) r \ t ) c xm 

By Theorem 2.1, we have 6\ = oo. Then by Lemma 2.3, there is a G (0, oo) 
such that B(a ) > (see (2.11)). Hence for every from (2.12) we get 

rx+ao rx+ao /i\ 

c / q(t)dt > / ^p-dt > B(a ) > 0, 
which implies (1.6). 

Proof of Corollary 2.4.1. Sufficiency. 

Suppose that for some a = a Q we have (1.6). Then, from (2.12) it follows 
that B(a ) > (see (2.11)): 

rx+a rx+ao t,\ 

< inf / q(t)dt < cinf / ^-4-dt. 

*^Jx-a ' X&S. J x _ ao r(t) 

Hence by Lemma 2.3, we get d < oo. Therefore, by (2.12) we have A p i < oo 
(see (2.6)): 



rx+d(x) ^ 

A p i = sup / , < 2c p sup d(x) = cd < oo. 

xm Jx-d(x) r \t) v xm. 



~x+d(x) df 

xm Jx-d(x) 

It remains to refer to Theorem 2.4. Corollary 2.4.1 is proved. 



5. Proof of the main results in the case p = 1 

In this section we prove Theorems 2.5 and 2.7 and their corollaries. 

Proof of Theorem 2.5. Necessity. 

Suppose that problem (1.1)— (1.2) is correctly solvable in Li(M). By 
Lemma 4.1, its solution y(-) is of the form (1.12), and the equalities (4.4)-(4.5) 
hold. From (1.5) it follows that the operator G : Li(K) -> Li(R) (see (1.12)) 
is bounded, and therefore by Theorem 3.3 we have the relations (2.15)-(2.16). 
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From (2.15)-(2.16), it follows that 5*1 = 00 (see (2.13)). Indeed, assuming 
Si < 00 we arrive at a contradiction: 



00 > Mi = sup — — — f exp ( — / -^4c?s ) dt 
xm r(x) V. J t r i s ) J 

1 r 

> exp(— Si) sup — — / ldt = 00. 

xm r(x) J_ oc 

Let us now verify that r > (see (2.14)). Assume the contrary: r = 0. 
Let a be a positive number which will be chosen later. Since r = 0, from (1.3) 
it follows that there is a sequence {x n }^ = i such that r(x n ) = n~ a , n = 1, 2, . . . . 
Clearly, \x n \ — > 00 as n — > 00 (otherwise, there is a point rr (|xo| < 00) such 
that r(x ) = 0, a contradiction (see (1.3)). From (1.3) it also follows that there 
are numbers 8 n > 0, n — 1, 2, . . . such that 

1 2 

<r(t)<—, t e [x n - 5 n ,x n + 5 n ], n = 1,2, . . . . (5.1) 



2n a ~ ~ n c 

Let u n = mm{S n , d(x n ), 1}, n = 1,2, ... . Making 5„ smaller (if necessary), 
we can choose cu n , n = 1, 2, . . . so that the segments A n =]x„ — u n , x n + cu n ], 
n = 1, 2, . . . , are disjoint. Let us introduce the functions 

/»(*) = I n=l,2,... (5.2) 

00 

n^^/nW, ten. (5.3) 

n=l 

Let us verify that F e for a > 1. Indeed, 

CO p OO „ 00 

ira = E/j/.wi* = E^^ = E^«». 

We now estimate (GF)(t) from below for t n — x n — uj n , n — 1,2, ... : 

(GF)(( " )a fT^ exp (-r .sw^* 

> / -i-exp(-/ ^ ^ 

2u n ■ n a J Xn _ Un r(t) V. Jxn-un r i s ) J 

> exp(-2) 
2 

Thus, (GF)(t) -/-> as |£| — > 00, a contradiction. Hence r > 0, and the necessity 
of the conditions of the theorem is proved. 
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Proof of Theorem 2.5. Sufficiency. 

Consider the function y(x) = (Gf){x), xeR, f e L ± (R) (see (1.12)). Since 
r > (see (2.14)), the integral (Gf)(x) converges for all i£l, and we have 

\y(x)\ = \(Gf)(x)\ < - f°exp (- f ^\ds) \f(t)\dt 

ro Jx V Jx W J (5 4) 

< - / \f(t)\dt. 

r Jx 

When differentiating (1.12), we immediately conclude that the function 
y(-) = (Gf)(-) satisfies (1.1) almost everywhere on R. Furthermore, since 
Mi < oo (see (2.15)), by Theorem 3.3 the operator G : Li(R) -> L^R) is 
bounded, and therefore (1.5) hods. Clearly, y(x) = (Gf )(x) — > as x — > oo be- 
cause of (5.4). The proof of (1.2) for x — > — oo goes exactly as in Theorem 2.1; 
the only difference is as follows: instead of the equality (4.18) one has to use 
the first inequality of (5.4). I 



Proof of Corollary 2.5.1. In the following relations, we use formula (1.12), 
Theorem 2.5 (see (2.13)-(2.14)) and Fubini's Theorem: 



q(Xj 



r(x) 



y{x) 



< 



q\x)_ 
r(x) 

-oo r(x) 
\f(t)\ 



rwM-ix q M ds ) fm 



dx 



, r(t) 
q(x 



cxp 



r(s) 



ds \f(t)\dt 



dx 



J-oo r(t) [J^ 



< 



r(t) 

1/(01 



ox] ) j - / '-^—-(i ] (It 



r 

-\\f(t)\\i. 



r(x) 



r(s) 

x=t 



dt 



dt 



(5.5) 



Inequality (2.17) now follows from (5.5), (1.1) and the triangle inequality for 
norms. I 



Proof of Corollary 2.5.2. Necessity. 



Suppose that problem (1.1)— (1.2) is correctly solvable in Li(R). Then 
Si = oo and M 1 < oo by Theorem 2.5 (see (2.13)-(2.14)). Hence the function 
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d(-) (see (2.2)) is uniquely determined. Therefore from (2.12) we get 

oo > Mi = sup —-^ / exp I — / ——ds dt 

xm r(x) V Jt r i s ) J 

c i r ( r q(s) , \ , 

> sup — — - / exp — / ——as at 

xmr{x) cj x _ d{x) V Jt r (s) / 

1 f x ( r x + d ( x ) q ( s \ 

> - sup / exp — / ~rrds I dt 



C x€R Jx-d(x) \ Jx-d(x) r \ s ) 

exp(— 2) 
> sup d{x) = cid . 

c xeR 

Since Si = oo and d < oo, Lemma 2.3 implies B(a) > for some a G (0, oo) 
(see (2.11)). This gives (1.6) (see the proof of Corollary 2.4.1, necessity). 

Proof of Corollary 2.5.2. Sufficiency. 

Suppose that (1.6) holds. Then by (2.12) we have (2.11) (see the proof of 
Corollary 2.4.1, sufficiency). Hence Si = oo and d < oo because of Lemma 2.3. 
Let us verify that M 1 < oo (see (2.15)). In the following relations we use 
Lemma 3.8, (2.12) and (4.32): 

Mi = sup —3— f exp ( - f ^r\ds] dt 
x£R r{x) y_ 00 V. Jt r(s) J 



f ( r q(s) , \ , 

< csup > / exp — / ——as dt 

^ n t^ 00 JA n \ Jt r{s) J 

-l 

< 2c sup 2_, d{x n ) exp(— 2(\n\ — 1)) 

x£R 

n=— oo 
oo 

< Ci^o exp(— 2{n — 1)) < oo. 

n=l 

The corollary now follows from Theorem 2.5. I 

Proof of Theorem 2.7. Necessity. 

If problem (1.1)— (1.2) is correctly solvable in Li(M), then r > because of 
Theorem 2.5. 

Proof of Theorem 2.7. Sufficiency. 

Suppose that condition (2.11) holds. Then from Lemma 2.3 we get Si = oo 
and d < oo (see (2.1) and (2.10)). Then for x(t) = d(t), t E R, we have 
equalities (3.14), and by Lemma 3.7 for every x G R there exist R(x,d(-))- 
coverings of (— oo,x] and [x, oo). By Theorem 2.5, it remains to prove that 
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M i < oo (see (2.15)). Below we use the properties of the R(x, d(-))-covering of 
(-00, x], (4.32) and (2.14): 



'■X 



Mi = sup —j— / exp I — / ^—^ds ) dt 



< — sup / exp ( — / ^-^ds J dt 



n=— 00 
-1 



2 , 

< — sup 2_. d(x n ) exp(— 2(\n\ — 1)) 

?" a;GR ~" 



' n=— 00 
00 



<— ^ exp(-2(n - 1)) < 00. 

^ 71=1 



Thus, Theorem 2.7 is proved. 



6. Proofs of the Main Results in the Case p = 00 

In this section we prove Theorems 2.8 and 2.9 and their corollaries. 

Proof of Theorem 2.8. Necessity. 

Suppose that problem (1.1)— (1.2) is correctly solvable in C(R). Then its 
solution y(-) can be written in the form (1.12), in view of Lemma 4.1. Hence 
for f(x) = 1, x e R, we get y(x) = (Gl)(x) — > as \x\ — > 00 which coincides 
with (2.18). 

Proof of Theorem 2.8. Sufficiency. 

From (1.3)-(1.4) and (2.18) it follows that A < 00, where 

A = supA(x), A(x) = [ -i-expf-/" ^-ds] dt, xeR. (6.1) 
xm Jx r \t) V Jx r i s ) J 

Let /i(-) and #(•) be defined by (4.5). Then, since A < 00, from (3.9) it follows 
that the operator G : C(R) — > C(R) (see (1.12)) is bounded, and therefore 
(1.5) holds. The equalities (1.2) follow from (2.18) and the following standard 
estimate: 



"OO -| / ft 

\y(*)\ = \(Gf) { x)\< / r(t) _ v Lr{s) 



1 exp (- I ^ ds ) dt 



x G 



Let us now prove that Si = 00 (see (2.1)). Assume the contrary: Si < 00. 
Then for every x < we have 
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From (2.18) and the above inequalities, it follows that 



= lim 



h ex P (~ f q -r\ ds ) dt ^ ex p(-^) lim f > o. 

\t) V Jx r ( s ) J x ^-°°J x r(t) 



r(t) 

a contradiction. Hence Si = oo. Theorem 2.8 is proved. ■ 

Proof of Corollary 2.8.1. Necessity. 

Suppose that problem (1.1)— (1.2) is correctly solvable in C(R) and (2.12) 
holds. Then, by Theorem 2.8, we have (2.18) and therefore for every a G (0, oo), 
we derive from (2.12) 

= lim f -J- exp (- [ 44 rfs l dt 
\*\^°°Jx-ar{t) V Jx- a r{s) ) 

1 r x+a ( r x+a a (s) \ 

> - lim / exp - / ^rrds dt 
c\x\^ooj x _ a \ J x _ a r(s) ) 

2 a ( [ x+a \ 

> — lim exp I — c / q(s)ds ] > 

C |x|-oo " V Jx-a J 

which implies (1.7). 

Proof of Corollary 2.8.1. Sufficiency. 

Suppose that (1.7) holds. Then, obviously, for every a G (0, oo) we have 

rx+a 

lim / q(t)dt = oo. (6.2) 

\ x \^°°Jx 

It is also clear that there is a 3> 1 such that 

n x-\-ao 
E~a 

Let d\ = max{ao, a -1 }. Then for all x G M we have 

rx+ai rx+ao j 

/ q(t)dt > / q(t)dt >a>— (6.4) 

J x—ai J x— do ^1 

Let {cr n }^ =1 be the system of segments constructed according to the following 
rule: 

1) a n = [<J-,f7+] = [x n -a u x n + ai], n= 1,2, ... . 

2 ) °n+i =°n, n = 1, 2, . . . ; erf = x. 



rx+ao 

a := inf / q(t)dt > 0. (6.3) 

* 6R Jx-a 
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Then, from (2.12) and (6.4) for n > 2, it follows that 



Thus for n > 2 and 5 = (cai)" 1 , we have 

^l ds >S( n -l), 5>0. (6.5) 

Clearly, (6.5) is also valid for n — 1. Let us verify that under conditions (2.12) 
and (1.7) we have A < oo (see (6.1)). Indeed, 

A(x)= l w) exp (~l q M ds ) dt 

= £i^ flxp ("£S <fa )* 



r(s) 

< 2axc^^ exp(— — 1)) = C\ < oo. 



fc=i 



Let us now prove (2.18). Let e > 0. For x e M from A < oo and (2.12), it 
follows that 

A(x) = / — -T- exp ( — / ——ds dt 
K ' h r(t) P \ 1 r(s) J 

+ exp (- ^j ds ^j A (x + e) ( 6 - 6 ) 

/ x rx+e \ 

< ce + exp ( — y q{s)ds\ A . 

Now, from (6.6) and (6.2), we get 

< lim A(x) < lim A(x) < ce 

|x|-kxj \x\^oo 

which implies Yan^-^^ A(x~) = 0. Thus (2.18) holds. It remains to refer to 
Theorem 2.8 to finish the proof of Corollary 2.8.1. I 
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Proof of Theorem 2.9. Necessity. 

Let B(a) > for some a G (0, oo). Then by Lemma 2.3 we get Si — oo and 
d < oo (see (2.1) and (2.10)). In the following relations, we use Theorem 2.8 
(see (2.18)), (2.2) and the inequality d < oo : 

f°° 1 ft q(s) \ 
= lim / — — exp I — / — — ds ] dt 

\'A^J x - d{x) r(t) \ J x - d {x) r \ s ) J 

rx+d(x) 1 / /"* g(s) \ 

> lim / — — exp I — / ——ds I dt 

\^ooj x _ d(x) r(t) \ J x -d{x)T{s) J 



(-1 

px+d{x) ^ 

= exp(-2) lim / — >0. 
\x\-^ooj x _ d(x) r{t) 



*x+d(x) I \ \ rx+d(x) i, 

> lim exp I - / 4^ • / 4^ 

M-°° \ Jx-d(x) r i s ) J Jx-(d{x) r{t) 



Thus (2.20) holds. 



Proof of Theorem 2.9. Sufficiency. 

Let B(a) > for some a G (0, oo) and A = 0. Then Si = oo, d < oo by 
Lemma 2.3, 5*2 = 00 (because c?o < oo), there is a R(x, c?(-))-covering {An}^^ of 
[x, oo), x G K. (see Lemma 3.8) and, finally, A = \\A(x)\\c<m < oo. Furthermore, 
for a given e > 0, there is xo(e) ^> 1 such that A{x) < e/A for \x\ > x (e). Let n 
be a natural number such that 4Aexp(— 2n ) < e. Then the following relations 
are fulfilled for \x\ > x (e) = x (e) + 2n d : 



no 



(J A fc C [x, x + 2n d ], [x, x + 2n d ] n [-x (e), x (e)] = 0. 
fe=i 

Consequently, for \x\ > x (e), we obtain: 



oo „ 

<£exp(-2(n-l)) / 



dt 



r(t) 

= f>xp(-2(n-l))/ ^+ £ exp(-2(n-l))/ A 

n=i ./A n n*j n=no+1 A n n*j 

oo oo 

< I £ exp(-2(n - 1)) + i exp(-2n ) £ exp(-2(n - 1)) < e. 

n=l n=l 

From (6.7) it follows that A = 0. It remains to apply Theorem 2.8. 



(6.7) 
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7. Correct non-solvability of the boundary value problem 

In this section we prove Theorem 2.10. 

Proof of Theorem 2.10. Suppose that (2.11) holds. Then 6*1 = 00 and do < 

00 because of Lemma 2.3 (see (2.1) and (2.10)). Since we have (1.9), let, for 
example, q(x) — > as x — > 00. Then for a given e > 0, there is x (e) such that 
q{x) < e for x > x (e). Below we assume t > x (e) + d . We have q(t) < e for 
t > x — d(x) since x — d(x) > xo(e) + do — d(x) > x (e). To prove the theorem, 
we consider separately three cases: I) p £ (1, 00); II) p — 1; III) p = 00. 

Case I). Suppose that problem (1.1)— (1.2) is correctly solvable in L p (R). 
Then by Theorem 2.1 we have A p > < 00. From (2.2) it follows from the definition 
of Api that 



rx+d(x) ^ 

2<e —<ced(x)v 

Jx-d(x) r \ t ) 



x+d(x) dt 

x-d(x) r(ty 



< 



ced(x)vAj,. 



' x— d(x) 

Hence d(x) > c" 1 e^ p for x > xo(s) + do. This means that d(x) — > 00 as x — > 
00 which is a contradiction, since do < 00. Hence problem (1.1)— (1.2) is not 
correctly solvable in L p (R). 

Case II). Suppose that problem (1.1)— (1.2) is correctly solvable in Li(R). 
Then r > by Theorem 2.5 (see (2.14)). From (2.2) it follows that 

rx+d(x) , t x ^(x) rff 2 

2 = / ^-dt <e —< —d(x). 

Jx-d(x) r {t) Jx-d(x) r {t) r 

Hence d(x) > r e _1 for x > x (e) + do- Therefore, d(x) — > 00 as x — > 00 which 
is a contradiction, since c?o < 00. Hence problem (1. 1)— (1.2) is not correctly 
solvable in Li(R). 

Case III). Suppose that (1.1)— (1.2) is correctly solvable in C(R). Then 



'x-d(x) r (^) Jx-d(x) r (t) 

for each £ > 0. This contradicts condition (2.20) of Theorem 2.9. Hence problem 
(1.1)-(1.2) is not correctly solvable in C(R). ■ 



8. Example 

Let a, (3 E R, 7 > 0, and 

r(x)=e a|x| , g(x) = e^ 1 + e' 31 " 1 cose 71 " 1 , i£l (8.1) 

In this section, we study a condition of correct solvability in L P (R), p £ [1, 00], 
for the problem (1.1) - (1.2) in the case (8.1). (Below for brevity, we write 
"problem (8.1)"). 
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8.1. Necessary conditions for correct solvability. 

Lemma 8.1. The problem (8.1), is correctly solvable in L P (R), p G [1, oo], only 
if P > ol and (3 > 0. In the latter case, S\ = oo, d < oo (see (2.1), (2.10)). 

Proof. By Theorems 2.1, 2.5 and 2.8, the problem (1.1) - (1.2) is correctly 
solvable in L P (R), p G [1, oo] only if S\ = oo. It is clear that in our case S\ = oo 
only if f3 > a. We shall show that in this case (2.11) is fulfilled. Let a = 3/27, 
x > a and £ is some point on the segment [x — a, x + a]. We denote 

f{t) = e et + e e 'cose 7 ', f > 0, ^ = /3-a>0. (8.2) 

Below we use the mean value theorem [14, §12.3]: 

F(x)= / ^j\ dt = / /W*> / (l + cose 7t )rft 

J x—a T\ J x—a J x—a 

= 2a+ - / + e- 7 *[ 7 e 7 *cose 7 *]rft = 2a + ( (sine 7 *! 5 ) 

2 1 
> 2a - - = - > 0. 

7 7 

For z G [0, a], the function F(z) is continuous and positive. Therefore 
F (a) = min F(z) > 0. Let a = min {7- 1 , F (a)} . Then F(z) > a for all 

ze[0,a] 

z > 0. The case 2 < can be considered in a similar way. Thus, (2.11) holds. 
By Lemma 2.3, we have d < 00. Moreover, (3 > by Theorem 2.10, and 
therefore the lemma is proved. ■ 

8.2. Estimates of the auxiliary function of growth. 

Below we assume that conditions (3 > a, (3 > hold. We shall establish 
inequalities for d(-), on R in three separate cases: 9 < 7, 9 = 7, 9 > 7. 
We need the following notation. Let the functions </?(•) and ip(-) be positive 
and continuous on R. We write <f(x) x ip(x) if there is c G [l,oo) such that 
c~ l ip(x) < ip(x) < ctp(x), x G R. Moreover, in the proofs, we consider only the 
case x > where the functions r(-) and q(-) in (8.1) are even. 

Lemma 8.2. Let < 9 < 7, 9 = (3 - a. Then 

d{x) x e~ eN , iGR. (8.3) 

Proof. To apply Theorem 2.11, set 



qi ( x ) = e ^ x \ q 2 (x) = e^ cos(e 7|x| ), x G R. 
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H\{x) = SUp 

\z\<2e~ 9x 



Let 9 < 7. Let us estimate xi(x),(see (2.22) for x — > 00 : 

f\ e e{x+t)_ 2e o x + e e(, x -t)^ dt 
Jo 

r [oh 2 + . . .\dt 

Jo 

Below, when estimating x 2 (x), x> lwe use the mean value theorem [14, §12.3] 



Or 

= e sup sup 

\z\<2e- 8x \z\<2e- ex 



< ce 



Hi{x) = SUp 

| 2 |< 2e -ftr 

= sup 

\z\<2e- 0x 



rx+z 

I e et cos(e 7 *)dt 

J x—z 

I 

■I X 



x—z 
x+z 



,(0-7)^7* 



[ 7 e 7 * cos(e 7 ']dt 



(8.4) 



< ce 



(0-7)* 



Since # < 7, we have xi(x) — > 0, x 2 (x) — > as x — > 00. By Theorem 2.11 
this implies (8.3). Consider now the cases = and 9 — 7. If 9 — 0, then 
Xi(x) = and (8.4) holds. Therefore, we obtain (8.3) as above. Let 9 — 7. We 
set 77(2;) = (1 + 7~ 1 )e~ Tr , Then 



I 



X+T](x) 



f(t)dt 



o~f x 



e 7ij(x) _ e -7r?(*) s in(e 7 ^ 



x—r\(x) 



7 



+ 



7 



x+?j(a;) 
a:— ?j(a;) 



> 



7 



2 

- - > 2. 

7 



From here d(x) < r)(x) for rr 1 (see (3.24)). Let e = min{4 1 , (2 7 ) 1 }, 
rj(x) = ee~" /x . Then, for x >> 1, we obtain: 



\ f(t)dt < 2 / e 7 'cft = -e 7 * 

J x—r\(x) J x—r\(x) 7 

777(2:) 



. hri(x)) 3 
ir]{x) + 3, + 



4 

< -e 7X 



_ < ]^ e iv(*) < 1 < 2. 
7 1 — (7r/(a;)) 2 3 3 



Hence d(x) > rj(x) for x 3> 1 (see (3.24)). This implies (8.3). 

Lemma 8.3. Let 9 > 7. Denote by {xt}^-^ points such that \x k \ 
7 _1 /n[(2|A;| + 1)tt], k = 0, ±1, ±2, . . . Then 

d k = f d(x k ) x (2\k\ + 1)^, fc = 0, ±1, ±2, . . . (. 



15) 



Proof. Let > 1, d £ [0,1], t £ u k = [x k — d,x k + d]. Since /(a;*;) = f'{x k ) = 
(see (8.2)), by Taylor's formula we obtain (8.6) and as a consequence (8.7): 



(t - x k f, f (t) G 



(8.6) 
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J f(t)dt = f -^s + 1 J rwm - xkfdt. (s.?) 



The following relations are obvious: 



o 9+27 6 + 27 

f"(x k ) = 7 2 [(2A; + l)7r]— x k~ , fc > 1, (8.8) 



|/'"(0I < ce {e+ ^ < ce {e+ ^ )xk < ck^, k > 1, £ G cu fe . (8.9) 



UJ k 



e+37 



< ck~d 4 . (8.10) 



Let /i G (0, 00) and r] k = ^i[f" (x k )}' 1 ^ . Then due to (8.7), (8.8) and (8.10), 
we get for // = (9/2) x / 3 and fc > 1 : 



L 



X+Vk 3 9-7 

/(i)cft < - + cA;"~ < 2. 



Hence, d fc > r] k by Lemma 3.11. Similarly, we have for /j, = 9 1 / 3 ; 

I f(t)dt > 3 - cAT^r > 2, fc > 1, 

•/ x k —d 

and hence c4 < 77^ by Lemma 3.11. The relation (8.5) then follows. I 
Lemma 8.4. The following inequalities hold: 

d(x)<cd k for xe[x k ,x k +i], k = 0, ±1, ±2, . . . (8.11) 

To prove (8.11) (for x > 0), we need Lemmas 8.5 - 8.10 below. The case 
x < can be studied in a similar way. 

Lemma 8.5. For all k = 0, 1, 2, ... , the function fit) (see (8.2) ) has a unique 
extremum (maximum) on the interval (x k ,x k+1 ). If z k is a corresponding ex- 
treme point, then 

z k < z k < z k + nk~ 2 for k > 1. (8.12) 
Here /i is some absolutely positive constant, z k = 7~ 1 Zn[(2/c+2)7r], k — 0, 1, 2, . . . 
Proof. The equality f'(t) = can be easily brought to the form 



7 (cos-e^l e-^(t) = 0, <p(i) = 6>7 _1 e~ Tt - M -e 7 * ) . (8.13) 
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Since fit) > 0, t e (xk,Xk+i) and = f(xk+i) = 0, then /(i) has maximum 

on the interval (xk, x k+1 ). Furthermore, the first two factors in (8.13) are positive 
on (xk,Xk+i), and (p'(t) < for t G (x k ,x k+ i), <f(x k )ip(x k+ i) < 0. This means 
that (p(t) has a unique root on (x k ,x k+ i), as desired. The lower estimate (8.12) 
follows from an inequality f'(zk) > 0. Let k >> 1, Zfc = Zfc + /iA;~ 2 . By Taylor's 
formula, we obtain (8.14) with £ e (2fc,5fc) : 



f(4) = /'(**) 



r^)^ i no /i 2 

+ /' (z fc ) P + 2! /'(**) fc 4 



(8.14) 



9+27 



/"(**) < 0, fc > 1, 



(8.15) 



Together with the obvious relation 

/'(^)xfcf, |/"(^)|xfc 7 
we use (8.14) and (8.9) and obtain 

/'(^^/(^(l-c-V + c^- 1 )- 

Clearly, /'(ifc) < for /i = 2c and k >> 1. Therefore, the upper estimate (8.12) 
is true. I 

Lemma 8.6. For all k >> 1, £/ie following inequality holds: 

f(x k + d k ) > f(x k - d k ). 
Proof. The inequality (8.16) is equivalent to (see (8.2)): 

e 6dk [l + cose^ Xk+dk) ] > e~ edk [l + cose^ Xk - dk) }, k > 1. 
From (8.17) and from the following obvious equalities 

cos[e^ Xk+dk) ] = - cos[(2A; + l)n(e^ dk - 1)], k > 1, 



5.16) 



(8.17) 



cos e 



7(a=fc-<ifc)l — _ 



cos[(2A; + l)n(e- ldk - 1)], fc > 1, 



it follows that (8.17) is equivalent to 



e 8d k > 



sin[(A; + i])7r(eT dfc -l)e- 



fc» 1. 



sin [(fc + |) vr(e^fc - 1)] 
In this connection, we note that 

< (k + -) 7r(e 7dfc - 1) < cfcdfc < cAT^ -> as fc 



(8.18) 



oo. 



This means that in (8.18), the arguments of both sines tend to zero (as k — > oo) 
and are positive. Therefore, (8.18) follows from the monotonicity of the function 
sin a; in the neighborhood of the point x — 0. I 
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Lemma 8.7. The following equalities hold: 

hm — = oo, hm = oo. (8.19) 

fc^oo Ofc fc^oo d k 

Proof. Below we use (8.5) and (8.12) 

d k d k 7 d k 

Xk+i ~z k> Xk+i -z k - jik~ 2 lln (l + ^2) fi 



dk+i 4+i 7 4 k 2 d k 

_1 

> c k 3 ~< — > 00 as — > 00. I 

Corollary 8.7.1. For a// ^> 1, the function f(t) decreases monotonically on 
the segment [x k —d k , x k ] and increases monotonically on the segment [x k , x k +d k ]. 

Lemma 8.8. The following equality holds: 

lim ^4 = 1. (8.20) 

fc^oo / [z k ) 

Proof. The following relations are obvious: 

f(zk) = f(z k ) + f{t){zk - z k ), € e (z k , z k ) 

If (01 < ce (9+7)f < ce (e+7) ^ < ck^T, k > 1. 
From here and taking into account (8.12), we obtain: 

f(z k ) |/'(0I 1 , ,to_i_ 2 c 

— — r - 1 < c— — - — < cfc t 7 = - — > as fc^oo. ■ 
f(z k ) f{Zk) k 2 k 

Lemma 8.9. For k >> 1, £/ie following inequalities hold: 

f(z k + d k ) > f(x k + d k ), f{z k - d k+ i) > f(x k+1 + 4+i). (8.21) 

Proof. Both inequalities can be verified in the same way. We prove, for exam- 
ple, the first one. Below we use Taylor's formula 

f(z k + 4) = f(z k ) + ~^j- d l, £ e (h, z k + 4), 

and the estimates of type (8.15) and equality (8.20): 

f(z k + 4) > f(z k ) (l - ^f|^) > C ~V(^) { l - ck^~-rl 
>c ll-cfc 3 i >c 'b, fc > 1. 
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Below we again use Taylor's formula: 

f(x k + 4) = f(x k ) + f'(x k )d k + ^p-dl = f e (x k , x k + d k ) 

and estimates of type (8.8): 

f"(£) o 9+27 2 fl+2 7 e+2-y 

f(x k + d k ) = J —^dl<ck—— — = c k—, fc»l. 
Based on what we have found, we obtain for k ^> 1 : 

f(z k + d k )>c~k-r>ckz~< >f(x k + d k ). I 
Lemma 8.10. The following inequality is true: 

f(x k -2d k )>f(x k + d k ), fc»l. (8.22) 
Proof. The following relations are obvious: 



2/(s fc -2d fc ) 8 >4 _8 LTM^ 

/"(^ + 3 /"(**)* 3 

+ 4) _ 1 , H6) , < 1 , LTfejl , 

+ 3f'(a; fc )^- i+ 3f'(x fc ) dfc - 
Here & G (x fe - 2d k ,x k ), £ 2 e (x fc ,a; fc + 4). Clearly (8.22) holds if 

3 7w fc>>L 



(8.23) 



From (8.5), (8.8) and (8.9), it follows that (8.23) is indeed true for all k > 1. ■ 

Proof of Lemma 8.4. Below we consider (8.11) separately in the cases 
I)i£ [xfe,Sfe] and II) a; G Furthermore, we assume that k > ko ^> 1. 

Here ko is chosen so that for k > k® it is possible to use Lemmas 8.5-8.11. It 
should be noted that inequality (8.11) is obvious for k < ko. 

Case I) If x G [x fc ,x fe + 24], then [x k - d k) x k + 4] C [a — 34, x + 34]; 
and therefore 

r>x+3d k i>x k +d k 



px+aa k px k +a k 

/ f(t)dt> / f(t)dt = 2. 

J x— 3d k J xu—dk 



' x— 3d k J x k —d k 

From here d(x) < 34 by Lemma 3.11. If x G [x k -\-2d k , z k ], then [x — d k , x+d k ] C 
+ 4, 5fe + 4]- Hence if t G [x - 4, £ + 4] and £ e [x k - 4, x fc + 4], then 
/(*) > /(0 by Lemmas 8.6, 8.9 and Corollary 8.7.1. Thus, we get 



rx+dk rx k +d k 

/ f(t)dt> / /m = 2, 

J x—d k J x k -d k 



42 N. A. Chernyavskaya and L. A. Shuster 



and d(x) < dk by Lemma 3.11. 

Case II) If x G [x k+1 - 3d k+1 ,x k+1 ], then [x k+1 - d k+1 ,x k+1 + d k+1 ] C 
[x — 4c4+i, x + 4c4+i]; and we have 

rx+4d k + 1 fx k + 1 +d k + 1 

/ f(t)dt> / f(t)dt = 2. 

J x-4d k+1 J x k+1 -d k+1 

From here it follows that d(x) < 4<i E+1 by Lemma 3.11. If x G [z k , x k+1 — 3d x+ i\, 
then [x-d k+1 ,x+d k+1 ] C [4 -d k+1 , x k+1 -2d k+1 ]. Hence if t G [x-d x+ i, 
and £ G [xfc+i — d k+ i,x k+ i + d x+ i], then f{t) > /(£) by Lemmas 8.6, 8.9, and 
8.10 and by Corollary 8.7.1. From here we obtain 

rx+d k+l fXk+i+d-k+i 

/ f(t)dt> / = 2 

J x-d k+1 J x k+1 -d k+1 

and < by Lemma 3.11. 

It remains to note that d k x d k+ i (see (8.5)). ■ 

8.3. Precise conditions for correct solvability of problem (8.1). 

Below we study problem (8.1) with the help of Theorems 2.4, 2.7 and 2.9 
and Lemmas 2.3 and 8.1. Since the requirement do < oo in the case (8.1) is 
fulfilled "by necessity" (see Lemma 8.1), then r(t) x r(x) for \t — x\ < d(x), 
x G R (see (2.10) and (8.1)). We use these relations together with conditions 
P > ot, P > (see Lemma 8.1), without additional stipulation. 

Theorem 8.11. Let p G (l,oo). Then problem (8.1) is correctly solvable in 
L P (R) if and only if one of the following conditions hold: 

1) (3 = a = 0; (8.24) 

ct 

2) /? > 0, 7 >/9-a>0, P>l-^5 (8-25) 

3) /3>0, /3-a> 7 , + 2a + 2 7 > 0, p> 1- " . (8.26) 

p + 2a + 27 

Proof. Let 7 > /3 - a. Then (2.7) and (8.3) imply: 

" x+d W dt d(x) 1 



A' p (x) 



x-d(x) r W e ap ' N e^- a+a P')W ' 



Therefore, < 00 if and only if /3 — a + ap' > 0. Then, by Theorem 2.4, we 
have the following relations: 

P>a, p>0 1 fa) if /? = =>• a<0,e*(p' - 1) >0 ^p = a 
/3-a- 7 <0 I J 

p-a + ap' >oJ [b) if /3 > < /3 - a < 7, p > 1 - |. 



Conditions for Correct Solvability 43 



Thus conditions (8.24) and (8.25) are obtained. Let now (3 — a > 7. We use 
(2.6), (2.7) and (8.5) to obtain 

Xk+dk dt . 4 



rx k +a k fa 

A' > sup A'{x k ) = sup / — -r > cT 1 sup 

|fc|>0 \k\>0Jx k -d k ePl1 \k\>C 



-d k e ap 'l*l " | fc |>o e^'l^l 
> c _i sup(2|A;| + 1) 37 7 . 

|fc|>0 

On the other hand, if x G [x k ,x k+ i], then from (8.11) and (8.5) it follows that 



r +d(x) dt d(x) d k . , 9+27 V 

A p (x) = / — ^ < C^jf- < c — < c(2 k + 1)3^ — 

9+27 ap' 

A' < csup(2|A;| + 1) 37 7 . 

|fe|>0 

Thus, A' p < 00 if and only if the following relations are fulfilled: 

P> 0, /3-ct >7^ f/5>0,/3-a>7, 

/?-q ^ >Q f </3 + 2q + 2 7 >0 (8.26). 

It remains to quote Theorem 2.4. I 

Theorem 8.12. The problem (8.1) correctly solvable in Li(M) if and only if 
(3>a>0. 

Proof. This statement follows from Lemma 8.1 and Theorem 2.7. I 

Theorem 8.13. The problem (8.1) zs correctly solvable in C(M) if and only if 
either one of the following conditions hold: 

1) /? > 0, 7>/3-a>0; (8.27) 

2) /3>0, /3-a>7, / 3 + 2a + 2 7 >0. (8.28) 

Proof. Let 7 > /? — a. Then as above, we obtain 

" x+d ^ dt d(x) 1 



x -d(x) e a l'l e a \ x \ e^l^l ' 



Therefore, Ao = (see Theorem 2.9) if and only if f3 > and (8.27) is fulfilled. 
Let /3 - a > 7. If A = 0, then (see (8.5)) 

rx+d{x) fa PXk+dk fa fa 

= lim / — -7 = lim / — -7 > c" 1 lim — ; — r 

\x\\to^J x _ d{x) e«l*l |fc|-ooL_ dfe e«l*l " |k|-oo e"l**l 



-a + 27 Q 



> cT 1 lim (2\k\ + 1) 37 7 > 0. 
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This implies (5 + 2a + 27 > 0. On the other hand, for x G [xk,Xk+i] by (8.5) 
and (8.11), we obtain 

Xd{x) dt d(x) d k . .,. , g 

x-d(x) eQ| 1 ~ c aN ~ ealxkl ~ 

and therefore the condition (3 + 2a + 27 > must fulfill the equality A = 0. 
Thus, A = if and only if 



/3>0, /3-a> 7 j f/3>0,/3-a> 7 , 
/3 + 2a + 2 7 J ^' [ / 3 + 2a + 2 7 >0 

It remains to use Theorem 2.9. 



(8.28). 



9. Appendix 

This section contains the proof of Theorem 1.2 (see §1). In addition, we present 
here Theorems 9.1 and 9.3 which arise in connection with the analysis of The- 
orem 1.2 and can be viewed as a complement to Theorems 2.9 and 2.10. 

Theorem 9.1. Let Si — S2 — 00 (see (2.1) and (3.15), and suppose that there 
is 5 > such that for x G K. the following inequality holds (see (2.2) ): 

d(t)>Sd(x) for \t-x\<d(x). (9.1) 

Then, if condition (1.9) holds, problem (1.1)— (1.2) cannot be correctly solvable 
in L p (WL) for any p G [1, 00]. 

Remark 9.2. According to Example 3.5, the function d(x) always satisfies 
inequalities (3.13). Inequality (9.1) slightly strengthens the a priori property 
(3.13), and therefore Theorem 9.1 can be applied to a broad class of equations 
(1.1). 

Proof of Theorem 9.1. We consider the cases 1) p — 1; 2) p G (1, 00); 3) 
p = 00 separately. Assume that 

q(x) ^0 as x — > 00 (9-2) 

(the case a; — > —00 can be treated in a similar way). 

1) Let p—1. Assume the contrary: problem (1.1)— (1.2) is correctly solvable 
in Li(R). Then M l < 00 (see (2.15)), and for any t G R we get 

ft / rt 
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which implies 



r(t) 



< e 2 M u t e K. (9.3) 



Let us integrate inequality (9.3) along the interval [x — d(x),x + d(x)], x e 
and use (9.1) to get 



»x+d(x) r*+d(x) dt 

u ^ \ -, x £ 



2e 2 M 1 d(x) > / -l^dt > <Jd(a;) / 

Jx-d(x) r \t) Jx~d(x) 



r(ty 



and hence 



px+d(x) 1+ 

sup / — - < 2e 2 <T 1 M 1 < oo. (9.4) 

x£R Jx-d(x) r \t) 



Let £ be a given positive number. Then q(x) < e for x > c(e) ^> 1. Since 
S 2 = oo, there is x (e) > c(e) ^> 1 such that x — d(x) > c(e) for x > x (e) (see 
(3.23) and (3.22)). For x > x (e), we get 



rx+d(x) q(t) f x+d{x) dt 

'x-d(x) r (t) Jx-d(x) r (t) 



and hence 



I 



,x+d{x) dt 
• - ° >x-d{x) r (t) 



lim / — = oo. (9.5) 



This leads to a contradiction between (9.4) and (9.5). 

2) Let p G (l,oo). Assume the contrary: problem (1.1)— (1.2) is correctly 
solvable in L p (R). Then M p < oo (see (2.3)). Denote Zi(x) = x — d(x), 
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z 2 ( x ) =x + d(x). Below we use (2.3), (2.4), (2.2) and (9.1): 



M p > 



zi(x) 



cxp 



pzi(x) 
'"I 



9(0 



d£ dt 



r°° i 

J Zl (x) 



> 



zi(x) 
21 (x) 



r(0 



exp ( -p I ^yprdt ) rft 



2i(x)-d(2i(x)) 
22 (x) ]_ 



/ 

</ 2' 



CXp ( / ^)^ I ^ 

- <•>;]> \ -p I ^TTT^C ) dt 



> exp 
• d(z±(x))p 

> e~ 4 5pd(x)p 
which implies 



2!(X) ^(0 
2l(x)+(i(2l(x)) ^/^\ 

21 (x)— d(zi(x)) r(i) 



22 w dt 

*l(x) rt ) P ' 

X+< ^ dt 

x-d(x) r 0) P ' 



supd(x)p 

xGR 



a;+d(a;) dt 



-d(x) K*) P ' 



< ^pe 4 M p < oo, iGR. (9.6) 



On the other hand, let £ > be given. Below, for x > x (e) (see the proof 
of (9.5)) it holds 



L 



x+d(x) g ^ 

d(x) r(t) 



rx+d(x) dt 
>x-d(x) r {t) 



dt<e f -y— < 2" :<!(,> )~ 

J x- 



x+d(x) dt 

x-d(x) r{t) p ' 



which implies 



lim d(x)p 



/•x+d(x) 


dt 


J x—d(x) 


r {ty 



= oo. 



(9.7) 



This leads to a contradiction between (9.6) and (9.7). 
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3) Let p = oo. Assume the contrary: problem (1.1)— (1.2) is correctly solv- 
able in C(R). We have (x — d(x)) — > oo as x — > oo (see case 1) above). Since 



x-d(x) r W ~ V Jx~d(x) r (0 

x+d(x) y ( C Q(0 



Vx-d(x) r ( t ) V A-d(x) nO J 



-x+d(x) /v\ \ /-x+d(x) t. 
-d(x) r (0 / Jx-d(x) r W 



(9.8) 



,x+d(x) ^ 

= e / > °' 

Jx-d(x) r \ t ) 

From (9.8) and (2.18) it follows that 

rx+d(x) dt 
lx-d(x) r \ t ) 

On the other hand, let e > be given. Below, for x > x (e) (see the proof 
of (9.5)) it holds 



lim / 

x^oo J x _ 



x+d ^ q (t) < /•*+<*(*) rft 



x-d(x) r W Jx-d(x) r W 

which implies 

rx+d{x) r, 

lim / — = oo. (9.10) 

x ^°°Jx-d(x) r U) 

This leads to a contradiction between (9.9) and (9.10). I 
Theorem 9.3. Suppose that the functions r(x) and q(x) satisfy the conditions 

1) Si = oo (see (2.1); 

2) q > (see (1.15) and g(x) — > oo as \x\ — > oo. (9.11) 
T/ien problem (1.1)— (1.2) zs correctly solvable in C(R). 

Proof. Let us check that -A(x) — > as \x\ — > oo (see (6.1) and (2.18)). Fix 
£ > 0. Then there is an interval (xi,X2) such that 

> 3e _1 for x <£ (x u x 2 ). (9.12) 

To estimate A(x) for x (xi, x 2 ), we consider the cases a) x > x 2 and b) x < x x 
separately. In case a) we have 
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To estimate A(x) in case b), we write A(x) for x < x\ in the form 




:= A 1 (x) +A 2 (x) +A 3 (x). 
We estimate each summand in (9.13) separately for x < x\. 




Since S\ = oo, there is x = x (e) <C x 1 such that 

— exp - / — -di < - 



for x < x , we get A 2 (x) < | for x < x . Finally, from 




it follows A 3 (x) < |. Hence for x ^ (x ,x 2 ), we have the estimate 



A(x) = A 1 (x) + A 2 (x) + A 3 (x) <- + - + - = £ 
which implies lim^i^oo A(x) = 0. It remains to refer to Theorem 2.8. 
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Proof of Theorem 1.2. To prove Theorem 1.2, we need some lemmas. When 
stating them, we assume that the hypotheses of Theorem 1.2 are satisfied. Below 
we often use an obvious statement which, for convenience, is formulated as a 
separate assertion. 

Lemma 9.4. Let ip(x) andip(x) be positive and continuous functions for x G R. 
If there exist a constant c G [1, oo) and an interval (x 1 ,x 2 ) such that 



c 1 ip(x) < ip(x) < cip(x) for x (xi,X2), 



(9.15) 



then equalities (9.15) remain true for all xei, possibly after the replacement 
of c with a bigger constant. 

Proof. The function f(x) = is continuous and positive for x G [xi,x 2 ]. 
Hence its minimum m and maximum M on the segment [xi,^] are finite pos- 
itive numbers. Let C\ = max{c, m -1 , M}. Then q 1 ^ 1 ) < ^( x ) < Ciip(x) for 
x ER. ■ 

Lemma 9.5. Let x G K. be given. Let us construct a sequence {xk}kL-oo as 
follows: 



x = x, x k+ i = x k + b 



r(x k ) 



for fc = 0,l,2,... 



(9.16) 



Xq — X, Xk-1 — X k 



r{x k ) 
q{x k ) 



for fc = 0,-1,-2,... 



Here b is taken from (1.13). Then we have 

lim Xk = — oo, lim x k = oo. 



k—>oo 



(9.17) 



(9.18) 



Proof. Both equalities from (9.18) are checked in a similar way. Let us prove, 
for example, the second one. Assume the contrary. The sequence (9.16) is, 
by construction, monotone increasing. If (9.18) does not hold, then there is 
z < oo such that x k < z for k > 0. Then the sequence (9.16) has a limit z$ < z. 
Moreover, 



oo 



> z - x > ^2(x k+1 - Xk ) = b^2 



which implies lim fc ^oo 4^4 = 0, in contradiction to lrnu^oo 4^4 = 4^4 ^ 0. I 



Lemma 9.6. Let 9 G [0,6] (see (1.13) j. Denote 



J + Hx) 



x, x + 6 



r(x) 
q(x) 



j{x) 

0C W j « . Ob 

q{x) 



x G 



(9.19) 
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Then for x (a, (3) (see (1.13) ^, the following inequalities hold: 

- 2 < [ ^dt, [ ^dt < Ba\ (9.20) 



Proof. Inequalities (9.20) follow from (1.13). For example, 

/ 



q(t) = r q(t)_ _ _ r(x) > J_ _ q\x)_ _ r(x) 6 



(x) r (t) J u M(x) <l( X ) r ( X ) r ( f ) ' a2 r ( X ) <l( X ) a2 

[ q -^-dt= [ ^. q ^. r M dt <a>. q M. e 



A+)(x) r (t) Jui+){x) q(x) r(x) r(t) r(x) q(x) 

Lemma 9.7. We have (see (2.1) and (3.15) ^ 

S 1= [° ^Idt = oo, S 2 = r^rdt = oo. (9.21) 
J-oo r(t) J r{t) 

Proof. In (9.16) set x = 0. By Lemma 9.5, there is k ^> 1 such that the 
points Xk for k > k are outside the interval (a,/3) from condition (1.13). Then 
by Lemma 9.6 we have 

which implies 5*2 = 00. The equality Si = oo can be checked in a similar way. 
I 

Lemma 9.8. Leta>l,b> 0, and 37 < 1 (see (1.14) / Then b > a 2 . 

Proof. Assume the contrary: b < a 2 . Then 3 < 3a 2 < e 6 /" 2 < e, a contradic- 
tion. ■ 

Lemma 9.9. For a given x G K, £/ie equation in d > 

= * (9.22) 
/10s a unique positive solution d = d(x). Moreover, 

444 < d(x) < a 2 ^4 M (9.23) 

(/(re) g(x) 
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Proof. According to (9.21) and Example 3.5, we only have to prove estimates 
(9.23) and (9.24). Let 

Since b > a 2 > a" 2 because of Lemma 9.8, from (9.20) it follows that 

1-7/1 (x) r \t) Jx-T)l(x) r W Jx r {t) a a 

Hence d(x) > r)i(x) by Lemma 3.11. Let now 

i] 2 {x) = a 2 4^7, x£(a,(3). 
q(x) 

Since b > a 2 by Lemma 9.8, from (9.20) it follows that 



r(t) J x -m(x) r (t) Jx r(t) a 2 a 



x— r/2(x) V / J x—r]i{x) 

Hence < ^(x) by Lemma 3.11, which implies (9.23). Since the function 
d{x) is continuous and positive (see Example 3.5), inequalities (9.24) follows 
From Lemma 9.4 I 

Lemma 9.10. Let x (a, (5) (see (1.13) ^, and let {xk}kL-oo be the sequence 
from Lemma 9.5. Then the following inequalities hold: 

f x k (f) Uh 

/ ^ridt>— forx > 0, k = 0,1,2,... (9.25) 
Jxo r(t) ~a 2 

f X0 

J Xk 



f< dt>^ for x < a, k — 0, -1, -2, . . . (9.26) 



Proof. If k — 0, relation (9.25) is obvious. For k > 1 it follows from Lemmas 
9.5 and 9.6: 



L '•(*) t-J,, r(t) -j^d* a* 
Inequality (9.26) can be checked in a similar way. ■ 

Lemma 9.11. Let x (a, (3) (see (1.13) ^, and let {x^kL-oo be the sequence 
from Lemma 9.5. Then the following inequalities hold: 

a - fe <K^) ^)< a fc fora;>/3, Jfe = l,2,... (9.27) 
r(x ) q{xo) 

a _i fc , < rfo) q(p) ^ fl|fc| for x ^ ^ k = _ x _^ 

r(x ) q{x ) 
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Proof. Let x > f3. Then from (1.13) and (9.16), it follows that 



1<4^, 4^<a for € = 1,2,. ...Jb; k > 1. 



After multiplying these inequalities, we obtain (9.27). Estimates (9.28) can be 
checked in a similar way. I 



Lemma 9.12. For p e [l,oo) and x e M, £/ie following inequalities hold with 
c = c(p) (see (4.31) ): 



< I p (x) = [ exp f-p [ 41!*;] dt - ' 



r(x) 

< c-f-l-. (9.29) 



Proof. The proof of the lower bound in (9.29) is based on Lemma 9.9: 



> d(x) exp -p / -77T*; 

\ Jx-d(x) r lU 



> C 



d(a;)e- 2p 
1 r(x) 
q(x)' 



To prove the upper bound in (9.29), consider two separate cases: 1) x < a; 
2) x > (3. In case 1), we use below the sequence (9.17) and relations (9.26), 



Conditions for Correct Solvability 53 



(9.28) and (1.14): 



= e / ^ (-p r §k ' ^ 



fc=— oo. 



< E (a* - x k-i) exp ( -p / 4lv^) 





^E 



r{x k ) 



exp | -p— | 



= 6 



t-Qeq) \ - r(g fc ) g(x ) 
9( x o) fc £^ jo K^o) g(a;fc) 



exp -p— | 



< 6 



< b 



< b 



= c 



r(x 
q(x 

r(x 
q(x 

r(x 
q(x 

r(x 



q(x 



E « 2W exp(- P ^l*l) 



fc = — OO 





E («'«p(4)) 



1*1 



OO 

T- 

fc=0 



Consider now case 2). Let us write it down in the following form: 



= exp l — p 
= exp I — p 



r(0' 



d£ 



exp p 



o r(0' 



(9.30) 



/(*) 



where 



/(*: 



def 



exp p 



9(0 



/o r(0 

From (9.30) and case 1) above, it follows that the integral I p (x) exists for x > (3. 
Moreover, according to (9.21), we have the equality 



lim 

x^oo 



f(x) = lim r 



exp p / — — df ) dt = oo. 



(9.31) 
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Let us define the integral 



I p (x,/3) 



exp — p 



r(0' 



d£ )dt, x> (3. 



(9.32) 



Let us write down for I p (x,(3) an analogue of the representation (9.30): 

?(0 



I p (x,(3) 



exp y —n 
= exp ^— p 
= exp I — p 



r(0 



d£ dt 



Jo 



dt; 



exp p 



o r(0' 



(9.33) 



o r(0 



where 



Here, according to (9.21), we have 



x>(3. 



lim f p {x) = lim / exp (p [ dt = 00 ■ ( 9 - 34 ) 



From (9.30), (9.31), (9.33), (9.34) and L'Hopital's rule, it follows that 



lim 



I p (x) 



lim 



/(*) 



x-+ooI p (x,P) x-+oo fp( X ) 

Let m > f3 be such that for x > to, the following inequality holds: 

I p (x) < 2I p (x, (3), x > m > (3. 



(9.35) 



(9.36) 



Consider the sequence (9.17). By Lemma 9.5, for x > m > (3 there is t < 
such that 

x e > (3, xe-i < (3. (9.37) 

Let us show that here one can choose to so that for all x > m the number t 
in inequalities (9.37) satisfies the inequality t < —1. Assume the contrary. Let 
{ m s}^=i be any monotone sequence increasing to infinity with m\ > (3. By the 
assumption, for every m s , s > 1, there is x^ > m s such that 

X & 9 (xW) S P - 

This means that inequalities (1.13) can be extended to the interval [f3,x^\ 
because 

.(-) _ b r A^l x (s) 



[f3,x^]C 
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Then 



Jb r(t) L 



Js) 



q(t) q(x^) r(x 



q(x^) r(iW) r(t) 



-dt < a 2 b. 



Since here > m s — > oo as s — > oo, the integral S2 converges (see (9.21)), a 
contradiction. Therefore, in the sequel we choose m big enough so that m > (3, 
(9.36) holds, and for all x > m we always have £ < — 1 in (9.37). 

To estimate I p (x,(3), we use the sequence (9.17) and relations (9.37), (9.26), 
(9.28) and (1.14): 



I p (x,p) 



exp I — p 



o 



exp 



*9(0 
Xo 9(0 



k =e+i Jx k-i 
+ 

o 



) dt 
d£ ] 



r(0 
Ko 9(0 



< 



E 

f ""W Kf) 

(x fc -x fc _i)exp l-p I 
k=e+i ^ 

9(0 



d£ ) 

' ;o 9(0 



=e+i 

+ (xe - (3) exp 
. , V- r{x k ) 

— ° ~ — \ ex p 



r(0 



dt 



r(0 



dt; 



k=l 



-pX\k\ 



\{x ) ^ r(x ) q(x k ) 



exp ( — p— \k 



< b r Mj2 « 2fc ^p 



< b 



q(x) 

r(x) 
q(x) 

br(x) 
q(x) 



k=0 

oo 

E 

k=0 

oo 



a exp ( - — 



cr 
b 



£3- = 



fe=0 



r(x) 
'g(x)" 



(9.38) 



From (9.38) and (9.36), we obtain estimates (9.29) for x > m. Thus in- 
equalities (9.29) are proved for x ^ (a,m). To complete the proof of (9.29), it 
remains to apply Lemma 9.4. ■ 



Proof of Theorem 1.2 for p — 1. Necessity. 
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Suppose that problem (1.1)— (1.2) is correctly solvable in Li(R). Then r > 
and Mi < oo because of Theorem 2.5 (see (2.14) and (2.15)). From (2.15) and 
(9.29), it follows that 



Mi = sup — - / exp - / — -d£ dt = sup —-Ii(x) > c 1 sup — - 

xeR r{x) V. Jt r iO J x&l r{x) xeR q{x) 



which implies 



1 V 1 c- 1 



g = inf q(x) > sup — — > — — > 0. 



Proof of Theorem 1.2 for p — 1. Sufficiency. 

Since 5*1 = 00 (see (9.21)) and r > (see (1.15)), in the space Li(WL) correct 
solvability of problem (1. 1)— (1.2) is guaranteed by the inequality Mi < oo (see 
Theorem 2.5). Below we use Lemma 9.12 and condition q > (see (1.15)) to 
check this requirement: 



Mi = sup -L f exp ( [ X '^-dc } dt 

= sup—-h(x) 
xm r[x) 

1 r(x) 
< csup— - • — - 

xeR r(x) q(x) 

1 ^ c 
= csup — — < — < oo. 

xeR q(x) q 



Proof of Theorem 1.2 for p G (l,oo). Necessity. 

Suppose that for some p G (1, oo), problem (1.1)— (1.2) is correctly solvable 
in L p (R). Then M p < oo by Theorem 2.1 (see (2.3)-(2.4)). Let x G R be 
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arbitrary. In the following relations, we use Lemmas 9.7 and 9.9: 



oo > M p > M p (x) 



exp ( —p 
1 



7 exp -p 



> 



r(t)p 
exp | — p 

x—d(x) 

X+d(x) -y 



r(0 



d£ dt 



d£ dt 



f 

J X 



> 



r(t)P f 
exp I — p 



7 exp 



r(0' 



-p / 

J X 



d£ dt 



1' 

p 



x—d(x) 

x+d{x) y 



X 9(0 



(9.39) 



x—d(x) 



d£ dt 



7 exp -p 



= exp 



r(t)P 

■a;+d(s) 



?(0 



d£ 



e d(a;)p 



x-d(x) r (0 



d£ ] d(x)p 



r(0 

x+d(x) df 



r{ty 



f 

J X 



r{ty 



Below we assume that x £ (a, (3) and continue estimate (9.39) using (1.13) and 
(9.23): 



oo > e 2 M p > d(x)p 



x+d(x) dt 



r(ty 



> 



> 



1 r(x)\ p 



*+ a ~ 2r M ( r {x) 1 * ; 



a? q(x) 
1 f r(x)\p 1 f r(x)\p' 



r(t) r(x) 



dt 



a 3 \q(x) J r(x) \q(x) 



a 3 q(x) 

which implies q(x) > (e 2 a 3 M p )~ 1 and hence go > 0. 

Furthermore, by Theorem 2.1, A p i is also finite (see (2.6)-(2.7)). In the 
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following relations we use (1.13) and Lemma 9.9 for x (a, ft) 



oo > A n > > 



x+d(x) dt 



> 



x+ i£K*) frix) 1 V , 2 

(II > 



*-<*(*) r{ty ~ J X __£L_ \r{t)r{x)J ' " a?>'+ 2 r(*) p '- W 



which implies 



r{x)pq(x)p > — [? — 
A p' 



and hence ay > 0. 

Proof of Theorem 1.2 for p E (1, oo). Sufficiency. 

Below we need the following assertion. 

Lemma 9.13. Let ay > (see (1.15) ^. Then the following inequalities hold: 

(9.40) 



r(x) p '~ 1 q(x) 



< KJx) < 



r(x) p '~ l q{x) ' 



x e 



Here p' > 1, and 



K p {x) 



def 



r(x) p ' 



7 exp -p 



r(0' 



d£ )dt, x E R. (9.41) 



Proof. Let us first verify that the integral (9.41) converges for every x G R. 

I I' 

Indeed, from the condition ay > follows r{t)pq{t)p > oy > and hence 
r(t) p#_1 g(*) > a p> for t e R > whicn implies 



1 1 ?(*) 



From (9.42) and (9.21) for x G R we now obtain 



(9.42) 



K p (x) 



r(t)P 



7 exp -p 



1 r 

^ — / 



r(t) 



exp — p 



r(0 



p'a p p , 



-win 



p'a p p , 



7 < oo. 
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To check the lower bound from (9.40), we assume x ^ (a, ft). Then according 
to (9.23) and (1.13), we have 



K p (x) > [ 

J X 



X+d(x) -y 



> exp 



r(t)P 

I x+d(x 
y x— d[x) 



7 exp -p 



r(0' 



d£ dt 



9(0 
r(0 



\ 



x+d{x) df 



> e 



> 



-V 



x+r(x)/a 2 q(x) 



J 

r(x) 1 
r(t) r(x) 



r{ty 



dt 



-2p> 



a p'+2 r ( x )p' l q(x) 

Taking into account Lemma 9.4, the latter inequality gives the lower bound 
from (9.40) for all x G R. To prove the upper bound from (9.40), we consider 
separate cases: 1) x > f3 and 2) x < a. In case 1) we use below the sequence 
{x k }V=o ( see ( 9 - 16 )) and inequalities (9.25), (9.27), (1.13) and (1.14): 



K p (x) 



1 



k=0 Jx k 



r(t)P' 

x k + l y 



7 exp -p 



, r 9(0 



d£ dt 



r(t)P 



j exp -p 



r(0 

j r 9(0 



k=0 JXk 

oo 



r(t)P' 



7 exp -p 



x r(0 
Xk 9(0 



XQ 



r(0 



) dt 



fc=0 



e a 1 



^ r{x k )P'- l q{x k ) 

/ r(ar ) \ p, ~ 1 / g(x ) \ ^ p ,^ k 
t^\r(x k )) \q(x k )J 



k=0 
Cl 



r(rr ) p ' ^(xo) 

C 

~ r(x)p'- 1 Q(x) ( ae ° ) 



fc=0 

oo 



kp' 



k=0 

oo 



< 



r(x)p'- 1 g(a:) 3 fc 



r(x) p ' 1 q , (x) 
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Thus estimate (9.40) holds for x> (3. 

Consider case 2). Let us introduce the following function: 

K p (x, a) = J exp (-p' jf ^j<%) dt, x < a. (9.43) 

Let x < m < a (we shall choose m later). Then 

K p (x) = K p (x, a) + exp ^-p' J K p (a) 

< K p (x, a) + -L exp ( -p' / 4tW (9.44) 



Here we have 



exp ( p ' I iH) A '' (i - a) =LwF exp { p ' I IW * 



> / -rh ( 9 - 45 ) 



> 



dt 



Denote 

c(a 



) = Lwr> S(m) = 



r(t)P' ' 

a dt 



i m 



r(ty 



and choose m as follows: 



m 



'0! if c(a) = oo and /" = 1 
, if c(a) <oo and £ ^ = ^ 

With such a choice of to, from (9.44) and (9.45) it follows that 



K p (x) < cK p (x, a), x < to, c = 1 + , (9.46) 

Let now x < to. For x = x consider the sequence (9.16). By Lemma 9.5, for 
x < m < a, there is £ > such that 

X£ < a, Xi + i > a. (9.47) 
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Let us show that m can be chosen so small that for all x < m the number 
£ in inequalities (9.47) satisfies the inequality £ > 1. Assume the contrary. Let 
{ m s}^Li be any monotone sequence decreasing to — oo with m\ < a. By the 



assumption, for every m s , s > 1, there is x s < m s such that 



x s + b 



r{x s ) 



> a. 



This means that inequalities (1.13) can be extended to the interval [x s ,a] be- 
cause 



[x s ,a] C 



r{x s 
q(x s 



Then 



Jx. r {t) Jx s 



q(t) q{x s ) r(x s 



q(x s ) r(x s ) r(t) 



■dt < a 2 b < oo; 



and since here x s < m s — > — oo as s — > oo, the integral Si converges (see (9.21)). 
Contradiction. Therefore, below m is chosen so small that m < a, (9.46) holds, 
and in inequalities (9.47) we always have £ > 1. 



When estimating K p (x,a), we use sequences (9.16) and relations (9.47), 
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(9.26), (1.3), (9.28) and (1.14): 



t-i 



+ 



4 



exp ( -p [ < ^ dt I dt 



:(.'(] 



r(ty 



XQ 



r(0 



k=o Jx * 

^^exp ( -p / —dt, j r/f 

-l 



.-co 



r(0 



< 



k=0 

+ e" 



r(t) r(x fc ) 



a f r(x e ) 1 V 
r(t) r(x<)/ 



dt 



E 

.fc=0 



r(x fc )P" 1 g(x fc ) 



e <* 



r(x £ )p' 



< a p b 



E 

,fe=0 



r(a: fc )P- 1 g(a; fc ) 
1 



-p'Xk 



r(xi)p' 



-e r a 



k=0 
Cl 



r(x k )P 1 q(x k ) 

l 



-p'Xk 
e a 2 



r(x o y 1 q(x ) 



( rjxo) \ p ' 1 / q(x ) \ ^_ p ,^ k 



<Ci 



< 



1 A a* 

r(xy-iq(x) ^ e P'> 



c 2 



(9.48) 



r(x) p '~ 1 g(a;) 

Thus the upper bound from (9.40) holds for x (m,/3). To finish the proof of 



Conditions for Correct Solvability 63 



(9.40), it remains to apply Lemma 9.4. 



Let us now go to the proof of the theorem. Here we use Theorem 2.1. Since 
Si — oo (see (9.21) and (2.5)), to apply Theorem 2.1 it is enough to prove that 
M p < oo and A p , < oo (see (2.3)-(2.4) and (2.6)-(2.7)). In the next estimate 
for M p we use Lemmas 9.12 and 9.13 and condition (1.15): 



Mp == sup(Ip(x))p(K p (x)y 



< csup 



1 

r(x) \ p 1 



xeM. \Q\ X )/ r(x)pq(x)p r 



1 

csup — — < oo. 
xm q{x) 



To check the inequality A v > < oo, let us first estimate the function A p /(x) 
for x ^ (ct,@). Below we use Lemma 9.9, (1.13) and (1.15): 

px+a 2 r(x)/q(x) / ( \ i \ p' i 

M*)< dt<2a p+2 - w w < A- (9.49) 

Note that the function A p r(x) is continuous for x G R because so is d(x) (see 
Example 3.5). Therefore, A p >(x) is bounded on Together with (9.49), this 

leads to the inequality A p > < oo. Thus problem (1.1)— (1.2) is correctly solvable 
in L p (R) for p G (1, oo) by Theorem 2.1. ■ 



Proof of Theorem 1.2 for p = oo. Necessity. 

Suppose that problem (1.1)— (1.2) is correctly solvable in C(R). Then equal- 
ity (2.18) holds, and Si = oo (see (9.21) and (2.1)). For x G R, Lemma 9.9 
implies 

(9.50) 

From (2.18) and (9.50), it follows that 

lim / — exp - / ^-dndt = 0. (9.51) 



\x\^o J x r(t) V Jx r(0 
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Furthermore, for x (a, (3), using (1.13) and (9.23) we obtain 



L 



x+d{x) 



r(t) 



cxp 



> 



exp 



, ^dAdt 

Jx nO J 

I x+d(x) \ 



L 



y x— d(x) 
x+d(x) dt 



r(0 



J 



x+d(x) df 



r(t) 



e- 2 1 



r(t) 

x+r(x)/a\{x) r ^ dt 



r(t) r(x) 



> 



a 3 q(x) 



> 0. 



\x\^oo 



(9.52) 



From (9.51) and (9.52) we get lim = 0. Hence q(x) — > oo as \x\ — > oo. 



Proof of Theorem 1.2 for p = oo. Sufficiency. 

In this case the statement of the theorem is an obvious consequence of 
Lemma 9.7 and Theorem 9.3. I 
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